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ELLIPTIC BOUNDARY VALUE PROBLEMS FOR BESSEL 
OPERATORS, WITH APPLICATIONS TO ANTI-DE SITTER 

SPACETIMES 
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Abstract. This paper considers boundary value problems for a class of singular 
elliptic operators which appear naturally in the study of asymptotically anti-de Sit¬ 
ter (aAdS) spacetimes. After formulating a Lopatinskii condition, elliptic estimates 
are established near the boundary. The Fredholm property follows from additional 
hypotheses in the interior. This paper provide a rigorous framework for the mode 
analysis of aAdS spacetimes for the full range of boundary conditions considered 
in the physics literature. Completeness of eigenfunctions for some Bessel operator 
pencils with a spectral parameter in the boundary condition is shown, which has 
applications to linear stability of certain aAdS spacetimes. 


The study of linear fields on asymptotically anti-de Sitter (aAdS) spaces has stimu¬ 
lated new interest in boundary value problems for a class of singular elliptic equations, 
wherein the operator D 2 + {y 2 — l/4)x -2 acts on one of the variables [21, 29, 30, 31, 
53, 56, 57]. To formulate this class of operators more precisely, consider a product 
manifold [0,e) x dX , where dX is compact. The model for what we call a Bessel 
operator has the form 

P(x, y, D x , D y ) = D 2 X + (i/ 2 - 1/ 4)x~ 2 + A(x, y, D y ), 

where (x,y) G (0,e) x dX and A is a family of second order differential operators 
on dX depending smoothly on x G [0,£). The parameter v is required to be real 
and strictly positive. In the study of linear waves on aAdS spacetimes, v is related 
to the mass of a scalar held — see Section 2 for more details. The condition v > 0 
corresponds to the Breitenlohner-Freedman bound [10, 11]. 

Boundary data for this problem are formally defined by the following weighted re¬ 
strictions: 


7 -u = x u 1/2 u\ dx , 7 +u = x l 2u d x (x v 1,2 u)\ ax - 

Some care is needed to give precise meaning to these restrictions — see Section 3.4, 
along with an earlier discussion in Warnick [56]. The boundary operators in this paper 
are of the form T = T ~+ T + 7 + , where T~, T + are differential operators on dX of 

order at most one and zero respectively. This paper is concerned with solvability of 
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the boundary value problem 

Pu = f on X 
Tu = g on dX 

when 0 < v < 1, and the simpler equation 

Pu = f on X 

when v > 1. No boundary conditions are imposed when v > 1, since in that case u must 
satisfy a Dirichlet boundary condition. The difference between the cases 0 < v < 1 
and v > 1 is explained in more detail in the introduction to Section 4. 

Ellipticity of the Bessel operator P is defined in Section 1.4. As in the study of 
smooth boundary value problems, there is also a notion of ellipticity for (0.1), given 
by a natural Lopatinskii condition on the pair (P, T). This condition is introduced 
in Section 4.4. Elliptic estimates are proved in Theorem 1 of Section 4.9. When the 
operators P, T depend polynomially on a spectral parameter A, there is a notion of 
parameter-ellipticity for both P and the boundary value problem (0.1). Theorem 2 of 
Section 4.10 provides elliptic estimates in terms of parameter-dependent norms, which 
are uniform as |A| —> oo in the cone of ellipticity. 

For the global problem, consider a compact manifold X where [0, e) xdX is identified 
with a collar neighborhood of dX. Suppose that the restriction of P to this collar is 
a Bessel operator — see Section 1 for details. As in the case of smooth boundary 
value problems, estimates for P near dX may often be combined with estimates in 
the interior X to establish the Fredholm property (including some cases where P fails 
to be everywhere elliptic on X). In Section 5, a sufficient condition of this type is 
discussed. Furthermore, in the presence of a spectral parameter A, unique solvability 
is established for A in the cone of ellipticity provided | A| is sufficiently large. 

Section 2 recalls the notion of an aAdS metric, which is the primary motivation 
for this paper. It is shown that the Fourier transformed Klein-Gordon operator is 
indeed a Bessel operator whose order v depends on the Klein-Gordon mass. One goal 
is to study the Klein-Gordon equation by Fourier synthesis once its spectral family is 
understood, corresponding to the study of normal or quasinormal modes. This paper 
provides a rigorous framework for future work in that direction. 

For stationary aAdS spacetimes with compact time slices and an everywhere time¬ 
like Killing held, Section 6 describes a class of boundary conditions which yield a 
complete set of normal modes associated to a discrete set of eigenvalues. Of particular 
interest are time-periodic boundary conditions which depend on d t (hence depend on 
the spectral parameter after a Fourier transform). This is important for the study of 
modes with transparent or dissipative boundary conditions, along with superradiance 
phenomena [3, 30, 59]. 


( 0 . 1 ) 

( 0 . 2 ) 
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In a forthcoming paper [24], discreteness of quasinormal frequencies is also estab¬ 
lished for massive fields on Kerr-AdS black holes with arbitrary rotation speed. These 
frequencies replace eigenvalues in scattering problems [14, 16, 24, 33, 40, 57]. When 
0 < v < 1, arbitrary boundary conditions satisfying the Lopatinskii condition may be 
imposed on the field (although of course one does not have any completeness state¬ 
ment). 

The approach of this paper is inspired by the texts of Roitberg [50] and Kozlov- 
Mazya-Rossman [41]. This approach is particularly suited to the singular nature of 
Bessel operators, and allows for the study of boundary value problems in low regularity 
spaces as needed in applications to general relativity — see Section 5. All the methods 
are classical, using only homogeneity properties of differential operators. The key is 
exploiting the theory of “twisted” derivatives as first emphasized in [56]. This is based 
on the classical observation that the one-dimensional Bessel operator D\-\-(v 2 — 1/A)x~ 2 
admits a factorization as the product of a first order order operator and its adjoint; 
this first order operator is then treated as an elementary derivative. 

Using a variational approach, Holzegel [29], Warnick [56, 57], and Holzegel-Warnick 
[32] derive some of the same (or similar) elliptic estimates. However, only the “clas¬ 
sical” self-adjoint boundary conditions are handled when 0 < v < 1; these are the 
Dirichlet (T = y_) and Robin boundary conditions (T = 7 + + /3y_ with real-valued 
/ 3 ). The approach taken here accounts for a larger class of non-self-adjoint boundary 
conditions, which is optimal among differential boundary conditions. 

The results of this paper should also be compared to earlier works of Vasy [53], 
Holzegel [29] on aAdS spaces, where a more restrictive measure is used to define the 
space of square integrable functions. In those works, the square integrability condition 
is equivalent to the generalized Dirichlet boundary condition. This limits the range of 
applications, since different boundary conditions are employed throughout the physics 
literature on aAdS spaces [3, 6, 10, 11, 18, 35, 60] 

There is also a general microlocal approach to degenerate boundary value problems 
developed by Mazzeo-Melrose [48], Mazzeo [45], Mazzeo-Vertman [46], among many 
others. The work of Vasy [53] on aAdS spaces makes use of this technology. In 
particular, the elliptic theory in [46] could likely reproduce the results of this paper, 
and is also applicable to much more general classes of elliptic operators. On the other 
hand, the approach developed here is directly motivated by the physics literature. For 
instance, the Sobolev spaces used in this paper were originally defined in [56] to give 
precise meaning to the energy renormalization implicit in the work of Breitenlohner— 
Freedman [10]. There is also a simplicity advantage in using physical space methods, 
rather than a more sophisticated microlocal approach. 
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Bessel operators of the precise kind studied here arise in numerous contexts outside 
of general relativity with negative cosmological constant, both mathematical and phys¬ 
ical. See for instance the monograph of Kipriyanov [39] and the substantial literature 
surrounding “generalized axially symmetric potentials” [22, 25, 34, 58, 61]. 

1. Preliminaries 

1.1. Conventions for differential operators. If P is a smooth differential operator 
on a manifold Y, then in local coordinates, 

P = E a M D r ( 11 ) 

\a\<m 

In that case the order of P is said to no greater than m. The smallest m for which 
there exists a nonzero coefficient a a , |a| = m in some coordinate representation is the 
order of P, written ord(P). If the order of P is no greater than m, the symbol a m (P) 
of P with respect to m is the polynomial function on T*Y given in local coordinates 
by 

<r m (P)(y,v) = Y a Mv a , (y, v) e t*y. 

\a\=m 

Thus if m is strictly larger than the order of P, then a m (P) = 0. The space of 
differential operators of order no greater than m is denoted Diff m (Y). If P has order 
no greater than m with m < 0, then P = 0; conversely if P = 0, then P can assigned 
any negative order. This convention will be useful throughout Section 4. 

The class of parameter-dependent differential operators on a manifold Y is defined 
as follows: P G Diff^(P) if in local coordinates, 

P(y, Dy, A) = 

j+\a\<m 

The parameter-dependent order ord^ (P) is defined by assigning to the same weight 
as a derivative of order j. Thus the parameter-dependent principal symbol of P is given 
by 

o f £ ) (A)= Y. vy, fe,i?,A)er*yxc. 

j+\a\=m 

If Y is a compact manifold without boundary, the parameter -dependent Sobolev norms 
on Y are defined by 

HI^III h s ( y ) = I'M IMImyy) + IMIn s (Yp 

and a parameter-dependent operator P e Diff^ (T') is bounded P : H S (Y) —$■ H s ~ m (Y) 
uniformly with respect to |A| in these norms. 
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1.2. Manifolds with boundary. Let A" = XVJdX denote an n- dimensional manifold 
with compact boundary dX and interior A". A boundary defining function for dX is 
a function x G C°°(X) satisfying 

£ _1 (0) = dX, x > 0 on X, dx\g X ^ 0. 

Given x, there exists an open subset W D DX, a number e > 0, and a diffeomorphism 
0 : [0, e) x dX —> W such that x o 0 agrees with the projection [0, e) x dX. A collar 
neighborhood of this type can be constructed as follows: choose a Riemannian metric 
g on X and consider the unit normal vector field N = V g x/\X g x\ g . This is well defined 
on {0 < x < e} provided £ > 0 is chosen sufficiently small to ensure dx ^ 0. Then let 

<f>(s,y) = exp(sN)(y) 

where exp(slV’) is the flow of N for s E [0,e) and y G dX. A collar diffeomorphism of 
this type is said to be compatible with x. Unless otherwise specified, a manifold with 
boundary X will always refer to X equipped with a distinguished boundary defining 
function x and a choice of compatible collar diffeomorphism 0 (note that 0 also depends 
on a metric g used to define the vector held N). 

1.3. Bessel operators. Given u G K, formally define the differential operator d v by 
the formula 

d v = d x + (u - l/2)x" 1 = x 1/2 ~"d x x u ~ 1/2 . 

Furthermore, let d* = — x u ~ 1 / 2 d x x 1 / 2 ~ u , which is the formal adjoint of d v with respect 
to Lebesgue measure on M + . Similarly, let D u = —id u and D* v = id*. Note that 

\D „\ 2 := D* V D U = Dl + (v 2 - l/A)x~ 2 

is the one-dimensional Bessel operator in Schrodinger form. 

Definition 1. Let X denote a manifold with compact boundary. A differential oper¬ 
ator P G Diff 2 (AG) is called a Bessel operator of order v > 0 if there exist 

A = A(x, y, D y ) G Diff 2 (<9AT), B = B(x, y, D y ) G Diff^&A), 

depending smoothly on x G [0,e), such that B(0,y,D y ) = 0 and 

0*p = |ZU| 2 + B(x, y, D y )D u + A(x, y, D y ) (1.2) 

The set of such operators is denoted by BesSy(X). 

Remark. The requirement that | D u \ 2 appears with unit coefficient is not at all essential. 
If the coefficient is a positive function smooth up to x — 0, then the quotient of P by 
this coefficient is a Bessel operator as above, and this normalization does not affect 
any of the arguments in Sections 4, 5. 
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The class of Bessel operators depends strongly on the pair (x, (ft), where x is a 
boundary defining function and 0 is a collar diffeomorphism compatible with x in the 
sense of Section 1.2. To make this explicit, write Bess u (X] x, (ft). 

Lemma 1.1. Let x, p be two boundary defining functions with associated collar diffeo- 
morphisms (ft x , <ft p . Given p G W x , write 

fe'ip) = (x(p),y(p)) e [D,e x ) x dX. 

Let $ = <ft ~ 1 o (ft p , so that <&(t,z) = ((x o (ft p )(t, z), (y o (ft p )(t,z)) for each ( t,z ) G 
[0,e) x c)X. If 

^{xo(ft p ){ 0, -) = 0, d t (y o<ft p )(0,-) = 0 (1.3) 

and P G Bess^X; p, cft p ), then there exists a positive function f G C°°{W X D W p ) such 
that fP G Bess(A"; x, (ft x ). 

Proof. The condition (1.3) gives 

(x o cft p )(t, z) = tdfix o (ft p )( 0, z) + Q(f), {y o 0 p )(t, z) = (yo 0 P )(O, z) + Ofl 2 ). 

The result can be established from the composition rule for derivatives in local coor¬ 
dinates. □ 

Lemma 1.2. Suppose that x is a boundary defining function, and that (ft x is given by 
the flow of V g x/\X g x\g with respect to a fixed metric g defined near dX. Let p = e w x 
and h = e 2w g, where w is smooth near dX and d x w( 0) = 0. If (ft p is given by the flow 
ofVh,p/\Vhp\h, then $ := 0" 1 o f p satisfies (1.3). 

Proof. First write 

x((ft P (t,z)) = e~ w ^^p((ftp(t,z)) = e~ w ^ z \ 

which gives 

d 2 (x o (ft p )(t, z) = e ~ w (Mt,z)) (~2d t (w o <j> p ) + tdflw o (ft p ) 2 + td 2 (w o (ft p )) (t, z). 

This quantity vanishes at t — 0 provided d t (wo(ft p )(0, *) = 0, as assumed in the lemma. 
Next, write 

V h p = xe w X h w + e w X h x = e~ w (xV g w + V 9 x). 

Thus Vhp = e~ w X g x and 

v hp = qW y g x 
\VhP\h |V 9 x| 

when restricted to dX. Therefore dfly o (ft p )(0, z) is proportional to (V/,.p) z ?/ for any 
z G ax, since (ft p (0,z) = z G dX. Further, (V/,p) 2 y is proportional to ( X g x) z y , which 
is proportional to dfiy o (ft x )(0, z). But (y o (ft x )(t, z) = z for all t, so the derivative of 
this constant function vanishes, finishing the proof. □ 
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In Lemma 1.2 the relation h = e 2w g can be replaced by h — e v g for any smooth v, 
but in practice h will be related to g as stated. 

Definition 2. A (smooth, positive) density p on X is said to be of product type near 
dX if 

0*/i = \dx\ ® iiqx 

for a fixed density pax on dX. 

It is always possible to choose a density of product type near dX. This is useful in 
light of the next lemma. If X is compact, then L 2 (A) may be defined as the space of 
square integrable functions with respect to any smooth density p on X, in particular 
one of product type near dX. 

Lemma 1.3. Suppose that p is of product type near dX. If P G BesSy(A") ? then 
P* G BesSj,(A") ? where P* is the formal adjoint of P with respect to /i. 

Proof. The pullback of P* to (0, e) x dX is given by 

\D U \ 2 + D* U B* + A*, 

where A*, B* are the formal adjoints of A, B with respect to pax- 

On the other hand, D* U B* = B*D* U + [D X ,B*]. Furthermore, since B = xBi for a 
first order operator B\ on dX depending smoothly on x G [0, e) x dX , it follows that 

B*D* = xB*Dj = B{{xD x - i( 1/2 - v)) = B*D U - i(l/2 - u)B* u 

which completes the proof since the multiple of B\ as well as [D x , B *] may be absorbed 
into A*. □ 

For the local theory, it is convenient to work on T" = M + x T n_1 , where T”" 1 = 
(M/27 tZ)" 1 . The set of Bessel operators on T” is defined with respect to the canonical 
product decomposition on T”. Thus P G BesSy(T”) if 

P{x, V, D„, D y ) = \D y \ 2 + y) D y D » + y "> D v 

I/3|<1 |a|<2 

for by G xC ,00 (T”) and a Q G C'°°(T”). When working on T”, the functions by, a a are 
referred to as the coefficients of P 

Fix a coordinate chart Y C dX and a diffeomorphism 9 : Y V, where V is an 
open subset of T n_1 . Setting 

*7 = 0([O,e)xy), 

the map if : U —> [0, e) x V given by if = (1 x 9) ° <f~ l defines a boundary coordinate 
chart on X. Given P G Bess^A), there clearly exists Pu G Bess I/ (T™) such that 

Pu = Pu(u o if) 
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for each u G C%°(U°). Furthermore, it is always possible to arrange it so that the 
coefficients of Pu (in the sense of the previous paragraph) are constant outside a 
compact subset of T”. 

1.4. Ellipticity and the boundary symbol. Given P G Bess t/ (X) which near dX 
has the form 

P = | -Div | 2 + BD U + A, 

let Ao(y,Dy ) = A(0,y, D y ). Ellipticity of P at a point p G dX is defined via the 
function 

£ 2 + a 2 (A 0 )(p,r)), (1.4) 

which is a homogeneous polynomial of degree two in (£, 77 ) Glx T*d X. 

Definition 3. The Bessel operator P G Bess J/ (X) is said to be (properly) elliptic at 
p G dX if for each 77 G T*dX \ 0 the polynomial 

£ l_ ± £ 2 + ° 2 (A) )(p,rj) (1-5) 

has no real roots. 

Ellipticity at p G dX is equivalent to the statement that the homogeneous poly¬ 
nomial £ 2 + cr 2 (d 0 )(p, 77 ) is elliptic in (£, 77 ). Thus, ellipticity implies the existence of 
nonreal roots ±£( 77 , 77 ), where Im£(p, 77 ) < 0 by convention. 

For each ( 77 , 77 ) G T*dX \ 0, the symbol < 7 2 (do) ( 7 /, 77 ) determines a family of one 
dimensional Bessel operators given by 

= \ D A 2 + °2(A 0 )(y,r)). ( 1 . 6 ) 

The operator P( y , n ) is called the boundary symbol operator of P. Let AA + (y, 77 ) denote 
the space of solutions to the equation 

P(y,v) u = 0 

which are bounded as x —* 00 . Ellipticity at p G dX implies that dimA4+(p, 77 ) = 1 
for each 77 G T*dX \ 0. Indeed, the space of solutions to P{j>, n )U = 0 is spanned by the 
modified Bessel functions 

{x 1/2 K u (i£(p,ri)x), x 1/2 I u (i^(p,p)x)} . 

Since Re *£( 77 , 77 ) > 0, it follows that 

x ll,2 K u (i£(p,ri)x) = O {e~ x ^ c ) , x —> 00 , 

while the second solution grows exponentially [49, Chapter 7.8]. Thus only the first 
solution can possible lie in Ai + (p,rj). 
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1.5. Parameter-dependent Bessel operators. 

Definition 4. Let X denote a compact manifold with boundary as in Section 1.2. A 
differential operator P(A) G Diff^(X) is called a parameter-dependent Bessel operator 
of order v > 0 if there exist 

A(A) = A(x,y,D y ; A) G Diff 2 A) («9X), B( A) = B(x,y,D y] A) G Diff^dX) 
depending smoothly on re G [0, e^), such that B( 0, y, ZA y ; A) = 0 and 

0*P(A) = \D U \ 2 + B(x, y, D y ; A) A, + A(x, y, D y \ A) (1.7) 

The set of such operators is denoted by Bess^(X). 

Ellipticity with parameter is defined by replacing the standard principal symbol of 
A with its parameter-dependent version. Begin by fixing an angular sector ACC. 

Definition 5. A parameter-dependent Bessel operator P(A) is said to be (properly) 
parameter-elliptic with respect to A at p G dX if for each (y, A) G T*dX x A \ 0, the 
polynomial 

£^£ 2 + 4 A ) ( 4 ))( tV 7 ; A ) ( 1 . 8 ) 

has no real roots. 

Similarly, for (y, y, A) G T*dX x A \ 0, define 

P{ y ,vA) = \ D A 2 + a 2 X) ( A o)(y,vA), 

and then let .M+(y, y;A) denote the space of solutions to P( y)T] ,x)U = 0 which are 
bounded as x —> 00 . As before, this space is one-dimensional. 


2. Motivation: asymptotically anti-de Sitter manifolds 

This section recalls the notion of an asymptotically anti-de Sitter (aAdS) metric. 
Then, a convenient expression for the Klein-Gordon equation is given with respect to 
a certain product decomposition near the conformal boundary. By means of a Fourier 
transform, the initial boundary value problem for the Klein-Gordon equation is re¬ 
duced to the study of the boundary value problem for a stationary partial differential 
equation depending polynomially on the spectral parameter. The corresponding oper¬ 
ator is a Bessel operator whose order v depends on the Klein-Gordon parameter; the 
condition v > 0 translates into the well known Breitenlohner-Freedman bound. 
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2.1. aAdS metrics. Let X denote an n- dimensional compact manifold with boundary 
as in Section 1.2, and set M = Rx X. Here t G M will denote a global time coordinate. 

Remark. There is a one-to-one correspondence between boundary defining functions 
p on M satisfying dtp = 0 and boundary defining functions x for X: given p with 
d t p = 0, define x(-) = p(t 0 , •) for any t 0 G K; conversely, given x, define p(t, •) = x(-). 

A boundary dehning function p on M satisfying d t p = 0 is said to be stationary. 

Definition 6 . A smooth Lorentzian metric g on M is said to asymptotically simple if 
there exists a boundary dehning function p G C°°(M ) such that 

(1) the Lorentzian metric g = p 2 g admits a smooth extension to iff, 

(2) the restriction g\rdM is again Lorentzian. 

The map g ha P\qm depends on g and a choice of boundary dehning function. 
However, the conformal class [<?|t< 9 m] depends only on g, since any two boundary 
dehning functions differ by a positive multiple. Also note that if g is asymptotically 
simple, then dp is spacelike for g\dM- 

Definition 7. An asymptotically simple manifold (iff, g) is said to be aAdS if there 
exists a boundary dehning function p such that \dp\ 2 = —1 on dM. 

The aAdS property does not depend on the choice of boundary dehning function. 
In addition to being aAdS, suppose that g is stationary in the sense that d t is a Killing 
vector held for g. For the remainder of this section, all metrics are assumed to be 
stationary. This allows for a reduction to compact time slices. 

Lemma 2.1. Suppose 7 G [g\ tom] is stationary. Then there exists a stationary bound¬ 
ary defining function x such that x 2 g\xdM = 7 - 

Proof. Choose any boundary dehning function p such that p 2 g\rdM = 7, and define x 
on X by 

x{p)=p(0,p), peX. 

Since 7 is stationary, it follows that x 2 g\TdM = 7 - □ 

Suppose g and 7 G [p|t 9 m] are stationary, with x as in Lemma 2.1. Let s ha •) 
denote the how on M corresponding to X x 2 g x ; note this vector held commutes with 

d t . 

Lemma 2.2. There exists e > 0 and an open neighborhood C of dM in M such that 

(f>: [0, e) s x dM —> C 


is a diffeomorphism. 
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Proof. Since d t and the infinitesimal generator V x 2 g x commute, it follows that 0(s, •) 
commutes with the flow of d t , namely the time translations. Since dX is compact, 
there exists e > 0 and an open neighborhood U of {t = 0} x dX in dM such that 
0 is a diffeomorphism from [0,e) x U onto its range. It now suffices to commute 0 
with time translations (f 0 ,p) K > ( t 0 + t,p) to construct a diffeomorphism valid for all 
times. □ 

Lemma 2.3. Suppose that ( M,g ) is an aAdS spacetime. If g and y 0 E [<?|t< 9 m] are 
stationary, then there exists a unique stationary boundary defining function x such 
that: 

(1) x 2 g\ TdM = 7o, 

(2) |dx|^ 2 = —1 in a collar neighborhood C of dM as in Lemma 2.2. 

Proof. The proof of [26, Lemma 5.2] goes through essentially unchanged. Let p be any 
stationary boundary defining function such that p 2 g\TdM = 7o- Write g = p 2 g and 

x = e w p. 

Then the equation \dx\ 2 x2g = —1 is equivalent to 

- 1 = \d(e w p)\ 2 e2W g = \dp\ 2 s + 2p (dw, dp)- g + p 2 \dw\ 2 g . (2.1) 

This is the same as 

2(X- g p)w + p\dw\ 2 s = -p _1 ( 1 + \dp\ 2 s ), 

which is a noncharacteristic first order equation for w since dp is spacelikc. Since p 
and g are stationary, this equation can be solved uniquely for all times with the initial 
condition w\qm = 0. □ 


If x satisfies the condition described in Lemma 2.3, then x is said to be a special 
boundary defining function. Note the integral curves of V X 2 g x are geodesics near dM. 
Thus the Gauss lemma implies that 


4>*x{9) = 


-ds 2 + y(s) 


( 2 . 2 ) 


on [0, e) xdM, where f x is the diffeomorphism considered in Lemma 2.2. Here s ha q(s) 
is a smooth family of stationary Lorentzian metrics on dM, such that 7 ( 0 ) = 70 . 
Furthermore, = s , so by an abuse of notation it is convenient to write g = 
x~ 2 (—dx 2 + 7 (x)) on the collar neighborhood C. 


Definition 8. The metric g as in Lemma 2.3 is said to even modulo 0(x 3 ) (in the 
sense of Guillarmou [28]) if there exists a two-tensor 7 ! on dM such that 

7 (s) = 7o + s 2 7i + ^O 3 )- 
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As in [28, Proposition 2.1], this evenness property is instrinsic to the conformal class 
[p|t 9 m] in the sense that it does not depend on the particular representative. The fun¬ 
damental class of aAdS metrics which are even modulo 0(x 3 ) are the Einstein aAdS 
metrics, see [2, Section 2] for example. This includes all of the physically motivated 
aAdS spaces. The Einstein condition also enforces additional conditions on the expan¬ 
sion of y(s) which are not exploited here — in the asymptotically hyperbolic setting, 
see Mazzeo-Pacard [47, Section 2], 

The following criterion is frequently easy to verify for aAdS spacetimes. 

Lemma 2.4. Suppose that p is stationary. If p 2 g has an expansion 

f* P (p 2 9 )(s, y, ds, dy) = -ds 2 + 7 0 (y, dy) + 71 (y, ds, dy)s + 0(s 2 ) 
with 7 ! = 0, then g is even modulo 0(x 3 ). 

Proof. Let x denote the unique stationary boundary defining function associated to the 
representative p 2 g. Write x = e w p for some w. Then (2.1) implies that after dividing 
by p, 

2d p w = O(p), 

so d p w = 0 at the boundary. The result can then be deduced from Lemma 1.2. □ 

2.2. The Klein—Gordon equation. Fix a stationary aAdS spacetime (M, g), equipped 
with a geodesic boundary defining function x as in Lemma 2.3. Furthermore, suppose 
that g is even modulo 0(x 3 ) in the sense of Definition 8 . In light of the product 
decomposition (2.2) it follows that near dM, 

□ 9 = x 2 D 2 x + i(n — 1 + e(x))xD x + x 2 D 7 ( x ), 

where x ha e(x) is a smooth family of functions on dX such that 

e(x) = x 2 e 0 + 0(x 3 ) 

for some e 0 £ C°°(dX). Indeed, e(x) = (l/2)xd x log(det'y(x)), and det y(x) = det 7 0 + 
0(x 2 ). Given v > 0, let 

P g = x^ n+1)/2 (n g + u 2 - n 2 /4)x (n - 1)/2 , 

which corresponds to conjugating the Klein-Gordon operator with mass u 2 — n 2 /4 by 
x ( n-1 )/ 2 and then multiplying by x 2 . Explicitly, 

P g = D 2 + {y 2 — 1/A)x~ 2 + ix~ 1 e(x)D x + O^). 

In particular P g = Dg + v 2 — 1/4, where g = x 2 g is smooth up to dM. Using that g is 
stationary, it is possible to define the spectral family 

P{ A) = e m P g e~ iXt 

which is naturally a differential operator on X for each A £ C. 


(2.3) 
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Lemma 2.5. Let ( M,g) denote a stationary aAdS spacetime. Suppose x is a geodesic 
boundary defining function, and g is even modulo 0(x 3 ). Define the rescaled and 
conjugated stationary Klein-Gordon operator P( A) on X by (2.3). Then P( A) is a 
parameter-dependent Bessel operator on X of order v with respect to x. 

Proof. As indicated above, 

P(X) = D 2 X + ix~ 1 e(x)D x + (z/ 2 - 1/A)x~ 2 + e iXt U l[x) e~ iXt 

for x G [0, e). Since e(x) = x 2 eo + 0(x 3 ), it follows that x _ 1 e(x) G xC°°(C). Fur¬ 
thermore, x~ 1 e(x)D x can be replaced by x~ 1 e(x)D u since the two differ by a smooth 
bounded function. Finally, e lXt \I\ 1 ^e~ lXt may be considered as a family of parameter- 
dependent second order operators on dX, depending smoothly on x G [0, e). □ 

Lemma 2.6. Suppose that d t is timelike for y 0 in the sense that y 0 (d t , d t ) > 0. Then 
P( A) is elliptic on dX in the sense of Section 1.4- 

Proof. Consider the metric go = —dx 2 + 70 on [0, 00 ) x dX. If rj ■ dy is the canonical 
one-form on DX , then the function (1.4) is formally obtained by evaluating 

— g$ l (£ dx + rj ■ dy — A dt, £ dx + 7 • dy — A dt) 

at A = 0. But if d\ denotes the covector dual to d t with respect to go, then 

A = £dx + rj ■ dy — \dt) 

If this latter quantity vanishes, then the covector fdx + y-dy is orthogonal to the 
timelike covector d\. Thus (£, 77 ) ha — gfi 1 ^ dx + rj ■ dy, fdx + i 7 • dy) is positive definite 
for each y G dX. □ 

Lemma 2.7. Suppose that dt is timelike for 70 in the sense that n f ( j 1 (dt, dt) > 0. Then 
P(X) is parameter-elliptic on dX in the sense of Section 1.5 with respect to any angular 
sector ACC disjoint from M \ 0 . 

Proof. I 11 the notation of Lemma 2.6 above, for A G C the function (1.8) is formally 
obtained by evaluating 

— gfi 1 ^ dx + 77 • dy — Re A dt, £dx + 77 • dy — Re A dt) + (Im A) 2 y ^(dt, dt) 

+2 i (Im A) g^ 1 ^ dx + rj ■ dy — Re A dt, dt). (2.4) 

If the imaginary part of this quantity vanished but Im A 7 ^ 0, then £ dx + 77 • dy — Re A dt 
would be orthogonal to dt. Thus gjj 1 would negative definite on vectors of this form, 
which shows that the real part does not vanish. □ 
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3. Function spaces and mapping properties 

The purpose of this section is to define Sobolev-type spaces TL S based on the elemen¬ 
tary derivatives d v and \D U \ 2 , both on T” and on a manifold with boundary. Finally, 
it is shown that Bessel operators act continuously between these spaces. 

The exposition is closest to that of [56], where these “twisted” Sobolev spaces were 
first introduced in the context of aAdS geometry. The relationship between TL 1 and 
certain weighted Sobolev spaces was exploited both in [56] and also in the closely 
related study of asymptotically hyperbolic spaces in [15]. Similar spaces are also defined 
in [36], and in [37, 63] as related to the Hankel transform. 

Throughout this section the spaces L 2 (T") and L 2 (T n_1 ) are defined with respect 
to ordinary Lebesgue measure, and H m ( T n_1 ) denotes the standard Sobolev space of 
order m on T n_1 . The notation "H°(T”) := L 2 ( T”) is also frequently used. 

3.1. The weighted space H 2 ( T”). Given /re R, let 

Hl(Tl) = {ue ®'(Y n + ) : x*d a u e L 2 (Y n + ) for |a| < 1}, 
which is a Hilbert space under the norm 

IMIr1 (T") = ll x2 ^ Qm IIl 2 (T^)- 
M<i 

Furthermore, let H 2 { T") denote the closure of C^T”) in H 2 . These spaces are well 
studied, see Lions [42], Grisvard [27] for example. 

Lemma 3.1. The following hold for /i e R. 

(1) If |/i| < 1, then C^°(T r f) is dense in H 2 (Tf). 

(2) If |/i| > 1, then HlfTX) = H 2 ( T-). 

Proof. Proofs of these facts may be found in [27, 42]. □ 

Given a Hilbert space E , let iL^(R + ; E) denote the Hilbert space of F-valued dis¬ 
tributions u £ E) such that 

x%u £ L 2 (M_|_; E), um'6L j (K + ;£), 

equipped with obvious norm. The Sobolev embedding theorem in this setting, [27, 
Proposition l.F], says that H 2 ( M + ; E) ‘-A G°(M + ; E) for /r < 1, thus the map m4m( 0) 
is continuous H 2 {R + \E) — > E . Since H 2 { T”) C \ L 2 (T n_1 )), it follows that 

any u £ T”) admits a trace 

u ha u| T n-i £ L 2 (T n_1 ). (3.1) 

Furthermore, the kernel of u H>■ w| T n-i is H 2 { T”) — see [27, Proposition 1.2], The 
next lemma improves upon the regularity of this restriction. 
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Lemma 3.2. Suppose that /i < 1. Then the restriction 

u i —y ulfn-i, u G C“(T") 

extends uniquely to continuous map 7 : T") —>■ if( 1 _ ^)/ 2 (T n_1 ) ; and furthermore 7 

admits a continuous right inverse. 


Sketch of proof. By the Sobolev embedding, any Lp G C^°(M + ) C Hjf R + ) admits an 
estimate of the form 

|^(0)| 2 < C [ x^ (|(^| 2 + \lp'\ 2 ) dx. 

J R_|_ 

Apply this inequality to the function <p(sx), and then choose s (depending on Lp) 
satisfying 

[ x fJ '\ip\ : dx = s 2 [ x^lip'l 2 dx. 


This yields the estimate 

|^(0)| 2 <2C 


x^\Lp\ 2 dx 


( 1 -/O /2 


(p'\ 2 dx 


(l+A *)/2 


(3.2) 


Now consider u G if*(T+) and let u(q) denote its Fourier coefficients, where q G Z n_1 . 
It suffices to apply the inequality (3.2) to u(q), which lies in for each q G TT~ l . 

Multiplying (3.2) by ( q ) 1_M and summing over all q, it follows that 


|l7 M llff(i-M)/2 < C||m||hi(k + )- 

The unique continuation of 7 follows from the density of C^°(T+) in H^{T r f). That 
7 admits a right inverse is also straightforward, see Lemma A.3 for a closely related 
result. □ 


The trace u 1 —> 711 defined in Lemma 3.2 agrees with the restriction given by (3.1) 
since they both agree on the dense set C“(T”). 

3.2. The space "H 1 (T"). Given i/Gt, define 

U\ T”) = {mG 2>\Y\) : dldyU G L 2 (Y n + ) for j + |a| < 1}, 

where d J u dyU is taken in the sense of distributions on T". Then 'H 1 (T") is a Hilbert 
space when equipped with the norm 

IMI«i(rp = W^t^y u \\L 2 (Tr^)j 

j+\a\<l 

The space Ti\{T 1 ] r ) is defined analogously by replacing d u with its formal adjoint d*. 
Let lf}{ T") denote the closure of C^°(Y r f) in 'H 1 (T”), and similarly for 7i*(T"). 

Lemma 3.3. If is ^ 0, then 'H 1 (T”) = H 1 ( T") with an equivalence of norms. 
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Proof. Let u G C£°(T”). Note that 

0 < (d u U, d u u) T n = ||5 x M|| L 2( T ri) + {y — 1/4)11^ U \\l 2 (T™)i 

so Hardy’s inequality in one dimension follows by plugging in v — 0. From this and 
for any i/6l, 

||<9^w||l 2 (t™) < ||^xm||l 2 (t™) + \v — l/2|||x 1 u\\ L 2 (jn-j < C u \\d x u\\ L 2 (jny 
Conversely, If \v\ > 1/2, then v 2 — 1/4 > 0, so 

|| *9x111| L 2 (TJ l ) < H^i/WlU 2 ^)- 

If 0 < \u\ < 1/2, then v 2 — 1/4 < 0, so 

(Au 2 - l)\\d x u\\ 2 L 2 {T n +) < (v 2 - l/4)||a;- 1 w|| L 2 (T n ) . 

This also gives Av 2 \\d x u\\ 2 L2{ jn^ < \\d u u\\ 2 L2( jn y In either case, adding the L 2 (Tf) norms 
of dyU for | a | < 1 shows that 

C v 1 ||h||h 1 (T^) < ||^ t ||'H 1 (T" ) < C'l'IMliPCFf.) 

for a constant C v > 0 depending on i/ / 0. The result follows from the density of 
C'r(n) in both spaces. □ 

The basic observation concerning 'H 1 ( T") is that the map —> S/’iT'f) given 

by u i—^ x u ~ 1 ^ 2 u restricts to an isometric isomorphism 

n\Tl) -A HU(Tl). 

It follows from Lemma 3.1 that x 1 ^ 2 ~ l, C°°( T”) is dense in "H 1 (T") if 0 < v < 1, and 
7i) (T/) = Ff 1 (T”) if v > 1. Using Lemma 3.2, it is also possible to define weighted 
traces of 'H 1 (T") functions, as will be explained in Section 3.4. 

3.3. The space "H 2 (T"). Given v > 0, define 

H 2 (T ”) = {ue n\T n + ) : d v u G PLliTf), and d«u G U l { T”) for |a| < 1}. 

Then "H 2 (T") becomes a Hilbert space when equipped with the norm 

IMI'H^'T*) = ll^i/^^llL 2 (T") + II^^H-HhT”)- (3-3) 

M<i 

Although x 1/,2 ~ I/ C'/°(T") is dense in "H 1 (T”) when 0 < v < 1, this is not the case 
for H 2 ( T”). In fact, x l t 2 ~ v Cf?(Y r f) is not contained in "H 2 (T") unless v = 1/2. An 
appropriate dense space of smooth functions is defined in Section 3.4. 


ELLIPTIC BOUNDARY VALUE PROBLEMS FOR BESSEL OPERATORS 


17 


3.4. Weighted traces. It follows from Lemma 3.2 that the weighted restriction 

u i-)- x l '~ 1 / 2 u\jn-i, u E x 1 / 2 ~ v C%°( T") 

extends uniquely to a continuous map y_ : Ti l { T”) —> H u ( T" _1 ), and furthermore y_ 
admits a continuous right inverse. This is true for all v > 0. Similarly, there exists a 
weighted restricted 

7 * : —>■ H l ~ v {T n ~ l ), 

initially defined for u G x iy_ 1 // 2 C'“(T") by yLu — £ 1,/2_1 / 'u|t"- 1 - However, note that yL 
is now defined for u < 1 — indeed, ^(T”) is isomorphic to and the trace 

on H 2 U _i(Tl) is only defined for 2u — 1 < 1. Since u G TL 2 ( T”) implies d v u G %*(¥”), 
there exists a second trace 

7 + : H 2 (T”) -A- H 1 ~ u (T n - 1 ) 

given by the composition 7 + = ^*_od v . The trace 7 + therefore only exists for 0 < v < 1, 
while 7 _ is well defined for v > 0 . 

Definition 9. Given v > 0, let denote the following spaces of functions. 

(1) If 0 < v < 1, then Jr(T”) consists of u G C^T”) of the form 

u(x, y ) = x x ^ 2 ~ v U-{x 2 , 1 /) + x 1 ,/ 2 +i 'm + (x 2 , I/) (3.4) 

for some w± G C“(T+). 

(2) If z/ > 1, then ^(TTf.) = C“(T”). 

Note that T v { T") is contained in "H S (T") for each s = 0,1,2. If 0 < v < 1, then 
^/(T”) is not typically contained in x^ 2 ~ v (T'f) (unless v = 1 / 2 ); on the other 

hand, traces of u G Jt,(T”) are still easily computed from the definitions. 

Lemma 3.4. Suppose that 0 < v < 1. If u G ^-/(T”) satisfies (3.4), t/ien 

7 _n = n_(0, •), 7 +n = 2^n + (0, •) (3.5) 

Proof. If n G T v (T r f) satisfies (3.4), thenx l '~ 1 ^ 2 u(x,y) = U-(x 2 ,y)+x 2u u + (x 2 ,y). Since 
this function is continuous on R + with values in C'°°(T ?t ” 1 ), it follows that y_n = 
n_(0, •), see the remark after Lemma 3.2. A similar argument shows that y+u = 
2^u + (0, •). □ 

Lemma 3.5. Suppose that v > 0 and s = 0,1, 2. Then T v { T”) is dense in 'H S (T”). 

Proof. A proof is provided in Appendix A. □ 


Proposition 3.6. Suppose that 0 < v < 1. Then there exist unique continuous maps 

y T : W{T n + ) -a H s - 1±v ( TT -1 ) 
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such that if u E T v { T”) satisfies (3.4), then 7 -U = m_(0, •) and 7 +« = 2i/w + (0,-). 
//ere 7 _ zs defined for s = 1 , 2 , while 7 + zs on/y defined for s = 2 . 


Proof. Combining Lemma 3.5 with Lemma 3.4 shows that the map 


MOM_(0, ■), M 6 J^T") 

admits a unique extension 'H s ( T”) -A //^(T"^ 1 ) for s = 1, 2. The additional regularity 
7 _zz G //^(T”” 1 ) for zz G 7/ 2 (T™) follows from the equality 7 ±dfu = <9“7±w for 
u E Jv(T”) and each multiindex a. Similarly, the map 


u ha 2z/w + (0, •), zz E Jv(T") 
admits a unique extension PL 2 ( T") -A // 1 _I/ (T ra ~ 1 ). 


□ 


Remark. As noted above, 7 _ can be dehned for all v > 0 (rather than just 0 < v < 1) 
but this fact is only ever used in Lemma A.5 of the Appendix. 


3.5. Dual spaces. Throughout, 'H°( T”) = L 2 (T") is identified with its own antidual 
7/°(T")' via the Riesz representation. Given s = 1,2, let 

n~ s (Ti) = n s (Tiy 

denote the corresponding antiduals. Since the inclusion 1 : Z/ S (T”) A 7/°(T”) is dense, 
Z/°(T”) is identihed with a dense subspace of // _S (T") via the map t* : //°(T") "-A 
// -S (T”). Thus if s > 0 and u,v E Z/ S (T”), then the image t*u in "H _S (T”) acts on v 
via the "H°(T”) pairing 

u*u(v) = (u,v) T ™. 

Because 7/ s (T") is dense in T”), there is no ambiguity in using the notation 
0»T7 := f(v), f E TT'CTf.), u e 7/ s (n) 

in general. 


3.6. A Fourier characterization. Given s — 0,1, 2, any u E /C(T”) has well dehned 
Fourier coefficients 


u(q) = (2tt)-^- 1 >/ 2 [ e~ i{q ' y) u(-, y) dy , q E Z n " 1 

J [—7T,7r] n—1 


It is easily seen u(g) E /C(M + ) for each fixed q E TP 1 . 

This may be extended uniquely by duality: given / G "H _S (T”), let /(g) G //^ S (M + ) 
denote the functional 


(/(<?),= (2vr) (n 1 )/ 2 (/,e^u) T n, (3.6) 

where u G // S (M + ). Given r > 0 and u E J>(T"), let 

(S T u)(x,y) = u(TX,y) 


(3.7) 
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denote the action of dilation in the normal variable. This clearly extends to a bounded 
map S T : "H S (T") —> "H S (T”) for s = 0,1, 2 . Furthermore, S T may be extended uniquely 
to TT+) by duality: given / G '% - ' s (T”), define 

(S T f, v)jn = r _1 (/, S T -iv) T n 

for v G 'H S '(T"). 

Lemma 3.7. Given s = 0, ±1, ± 2, 

IMIr s (T™) = ^ ll^(g> - 1 “(^)ll?U(R + )- 

gSZ "- 1 

for each u G T v { T”). 

Proof. When s > 0 this follows immediately from Parseval and Fubini’s theorems. 
When s < 0, the proof is exactly the same as in [41, Lemma 2.3.1]. □ 

3.7. The space "H S (T”). If t — (t l5 ..., t k ), define 

k 

H-(T n ^ 1 ) n H tk (T n ~ 1 ). 
j =i 

Keeping this notation in mind, let u— (1 — u, 1 + u) and then set 

*=&)■ (3 ' 8) 
Following [41, 50], define the following spaces for 0 < v < 1. Given s = 0, ±1, ±2, let 
% S (T”) denote the set of all 

O,0_>+) G n s (T n + ) x if s ~-(T n_1 ) 

such that 

( 1 ) (f- = 7 -U and </>+ = y+u if s = 2 , 

( 2 ) (p_ = 7 _u and <f + is arbitrary if .s — 1 , 

(3) 0 ± are arbitrary if s < 0 . 

A typical element of 'H S (T") will be denoted where <f = (</>_, 0 + ). The norm 

of (u, (f) is given by 

II ( U ) 0)ll|( S ( T n) = Mlw s (T™) + ll^llfP'-iyT"- 1 )' 

If s = 2, then u M- (u, 7 ) provides an isomorphism 

K 2 ( T”) -a 7?(T£). 

On the other hand, if s < 1, then the two spaces "H S (T"), are fundamentally 

different. 
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Lemma 3.8. Suppose that 0 < v < 1. Then for each s = 0, ±1, ±2, the set 

{(u, 1U ) : u e T u (T n + )} 

is dense in "H S (T”). 

Proof. It suffices to prove this for s > 0, since %°(T”) is dense in TL S ( T+) if s < 0. 
Assuming that s > 0 and (w, 0) E "H S (T"), choose u n E ^(T'f) such that u n —>■ u in 
PL s (Tf). If x g C'“(M + ) satisfies x — 1 near x — 0, define 

Un,e = Un- (x 1/2 ~ V (j. -U n - 0_) + (2u)~ 1 X 1/2+U + U n - 0+)) x(£ _1 x). 

Clearly u n>£ E T v ( T”) and 7 ±u n , e = <j)±. Furthermore, since s > 0, it is particularly 
easy to check that u U)£ —> u n in "H S (T”) for n hxed and e —)■ 0. Thus it is possible find 
a sequence e n —> 0 such that u n , £ri —> u in "H S (T") as n —> 00 , and hence 

{Tn,Eni T^n,e n ) t (it, 0) 

in "H S (T”). □ 

Recall from Section 3.6 the dilation S T , dehned by (3.7). Note that 

(y_ o S T )u = t 1/2 ~ u X-U, (7+ o S r )u = t 1 ^ 2+v 7 + m 

for each r > 0 and u E T v (T”). It follows that S T may be extended uniquely to 
TL s,k (T 7 f) by defining 

S T (U , 0 ) = {S T U,T 1/2 ~ U (j)_,T 1/2+U (j) + ). 

It follows from Lemma 3.7 and the usual Fourier characterization of H m (T n ~ 1 ) that 

II(m, 0)I|| s(t „) = XI (^) 2S_1 ll 5 (g)- 1 (“(^)>fe))ll^(K + ) 

q£ Z "- 1 

for each (w,0) E H s (Tl). 

3.8. Parameter-dependent norms. When considering the action of parameter-dependent 
Bessel operators, one must consider modified norms on the spaces dehned so far. Given 
s = 0,1, 2 and u E Ti s { T”), let 

S 

lllwlll^-pp = |A|^ A 

j =0 

Furthermore, if f E "H _S (T"), let 

lll/lllw—frp = sup{| (f,u) T n | : INII^qrp = !}• 
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Recall the standard parameter-dependent norms |||u|||^m( T n-i) on if m (T n x ) as in Sec¬ 
tion 1.5. Given (u, <f>) G "H S (T”), set 

III (u, </>) lll^3^ T n ■) = lll M lll^s(T^) T HI0lll_ffs-il(T™-l) ■ 

These parameter-dependent norms have the property that there exists C > 0 indepen¬ 
dent of A such that 

IMIl^-ipr*) < C|A| 1 III will %s(t™) j lll(w, 0)lll^s-i( T n> < G|A| 1 III (u, 0)||| ^{t™) 
for u G K s (Tf) and (u,(f>) G H S (T”), respectively. 


3.9. Mapping properties. In this section, mapping properties of Bessel operators 
on T" are examined. The analogue of Green’s formulas is established, which allows 
the extension of P to spaces with low regularity. Recall from Section 1.3 that P G 
Bess^(T") means that 

P = \D V \ 2 + B(x, y, D y )D v + A(x,y,D y ), (3.9) 

where B G Diff 1 (T n_1 ), A G Diff 2 (T n_1 ) depend smoothly on x G M + and R(0, y, D y ) = 
0. Throughout this section, assume that the coefficients of A, B are constant outside a 
compact subset of T". The boundedness of each term in P will be exmined individually. 

Before proceeding, it is necessary to consider certain multipliers of 'H S (T“) when 
s > 0. The commutation relations 

[d„, p] = d x p = [<9*, p], [\D U \ 2 , f] = - d 2 x f - 2 (d x p)d x . (3.10) 

will be used throughout the following lemma. 

Lemma 3.9. Suppose that f G G°°(T”) is bounded along with all of its derivatives, 
and consider multiplication by p as a continuous map —y ^'(T"). 

(1) For s = 0, 1, multiplication by p restricts to a continuous map 

n s (Tl) T”). 

(2) If d x p |t«-i = 0, then multiplication by p restricts to a continuous map 

U 2 {Tf) -A n 2 {T n + ). 

In either of these two cases, 

\W U \\ W S (T") < IMIc°(T£)IMIw s + C , s|I m II'K s - 1 (T"), (3-11) 

where C s > 0 depends on the first s derivatives of p, and C 0 = 0. 


Proof. The continuity statement is obvious for s = 0. For s = 1 it follows from the 
first commutator formula (3.10). When s = 2, the additional condition d x (j)\jn-i = 0 
is needed to ensure that 

u i y ( d x p)d x u 
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is bounded 'H 1 (T") —y % 0 (T"): the vanishing of d x (f) implies ( d x ip)d x = [d x pf)d v 
modulo multiplication by a smooth function, which acts continuously by the first part. 
The estimate (3.11) follows as well from (3.10). □ 

Remark. Lemma 3.9 result may also be extended to TL s (T r \.) by defining 

and using that standard Sobolev spaces on TP 1-1 are closed under multiplication by 
smooth functions. 

Remark. The hypotheses of Lemma 3.9 can not be improved when s = 2. In other 
words "H 2 (T™) is not closed under multiplication by arbitrary C“(T”) functions. On 
the other hand, if p> G C“(T”) is constant in a neighborhood of T n_1 , then "H S (T”) is 
closed under multiplication by ip for each s = 0,1, 2. 

Now consider the term \D V \ 2 , which is clearly bounded 

\D V \ 2 : U 2 { T”) —>■ H°( T r |). 

The distinction between 0 < v < 1 and v > 1 plays an important role when extending 
this action. Suppose that 0 < v < 1, and let J denote the usual symplectic matrix, 

0 1 
-1 0 


J = 


Then the following formulae are valid for each u,v G -T„(T"): 

(|£’»| s «,»)i» = («. I Dpv) + , 

(|A,| 2 u,<') r . = (D„u,D„v) T „ + ( 7 + «, 7-w) T »- 1 


(3.12) 

(3.13) 


Since T v { T”) is dense, (3.12) is valid for v G "H 2 (T"), and (3.13) is valid for v G 


V}(T n + ). 

Lemma 3.10. Let 0 < v < 1 and s — 0,1, 2. Then there exists C > 0 such that 

ll|-^A| M ll'H s-2 ('Fp ^ C|| { u i 7 M ) llff s (T^)‘ 

for each u G T v { T"). 

Proof. For s = 2 this follows since the norms |M|-h 2 (t™) and ||(u, 7w)ll-H2(T n ) are equiv¬ 
alent for each u G Jv(T^). The case s = 1 follows from (3.13), and the case s = 0 
follows from (3.12). □ 

As a consequence of Lemma 3.10, the map (uj'yu) t-A \D v \ 2 u, u G .F^T”) admits a 
unique extension as a bounded operator 

\D U \ 2 : U s {T n + ) -A n s ~ 2 (Tl) 
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for s = 0,1, 2 and 0 < v < 1. The situation is simpler when v > 1, since in that case 
T v {fT\) = C^°(T") is dense in Tf s (T"). The analogues of (3.12), (3.13) are given by 

(\D u \ 2 u,v) jrj , = (u, | A/| 2 v) T n > (3.1-4) 

(\D U \ (D I/'LL) D^V^r jpn , (3.15) 

valid for each u,v E Jr(T”). The analogue of Lemma 3.10 is the following. 

Lemma 3.11. Let u > 1 and s = 0,1, 2. Then there exists C > 0 such that 

IIIA'| 2 ' u II'H s - 2 (tij.) < C1MI« s (t”) 

for each u E T^T”). 

From Lemma 3.11, it follows that the map u K>• |D v | 2 u,it G Jv(T7) admits a unique 
continuous extension as a bounded operator ID^ 2 : "H S (T”) —>• "H S ~ 2 (T”) for s = 0,1, 2 
and v > 1. 

Next consider a typical term in T>ZA. Such a term may be written as b(x,y)DyD u , 
where b G xC ,00 (T”) is constant for x large and |/J| < 1. The following result holds for 
all v > 0, since there are no boundary terms when integrating by parts. 

Lemma 3.12. Suppose that b G xC'°°( r ir”) is constant for x large and |/J| < 1. Then 

bDyD u : U s (T n + ) -A 'H s -W~ l (J n + ) 

is bounded for each s = 0,1, 2. Furthermore, there exists c > 0 depending on s, ft and 
C > 0 depending on b, s, ft, r such that 

WbD^D^uW^-m-ifjn) < cr||h|| c ,i (T n ) ||n|| H3(T n ) + C'||it|| w .-i( T « ) . (3.16) 

for each u G "H S (T”) such that supp u C {0 < x < r}. 

Proof. The boundedness result is clear for s = 2. For s = 0,1, it follows from the 
same considerations as in Lemma 1.3: define B = bD d, and note that B = B\X = xBi 
where T>i is smooth up to x — 0. Thus 

BD V = D*B + i(l — 2u)Bi + [ B , D x ] 

So for each u,v G Jv(T”), 

(. BD u u , u) T „_i = (D u u, B*v ) = (it, B*D u v - i{ 1 - 2v)B{v + [5, T> x ]*u) T n . 

The first equality implies boundedness for s = 1, while the second implies boundedness 
for s = 2. 

Similarly, (3.16) clearly holds for s = 2. To prove the other cases, begin by writing 
b = xbi, where bi is smooth up to x = 0. Also define q = [D@, h], and q = xqi, so the 
functions q, q\ are smooth up to x = 0 (and vanish if \ft\ = 0). 
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(1) If s — 1, then for m,«6 J r u ( T”), 

{bDyD u u, v) T „ = {bD v u,DPv) T „ - (u, D u qv - i(l - 2v)cRv) 1 

Thus 

\\bDy u \\ H s-\fi\-i(jn) < \\bD u u\\ H o{jn) + C'||'u||^o(Tr«), 

whence the result follows. 

(2) Similarly for s = 0, if u,v G J-j,, then 

{bD?D v u,v) n = (bu,D:D?v) n - (u,D' v qv+ [D x ,b]*D^ y v\ 
To handle the hrst term write 


(bu, D* v D^v) = < biu , xD* u D^v) = < bu , (D„ - i(l - 2 i/))D$v) , 
which gives exactly 

| (6u,D*Dju) | < ||6 u||wo( T! »)||u|| w i+ip|( T »), 

as desired. Now consider the second term, which in absolute value is bounded by 

I (u,Dlqv + qD^v) Tn \ < ||u|| w -i(T») (\\Dtqv\\ H i(jn) + \\qD$v\\ H i(jn)) . 

The second term in parentheses on the right hand side is bounded by a constant 
times |M|%i+i/3|(T n ) according to Lemma 3.9. For the hrst term on the right hand side, 
the only part of the / H 1 ( T") norm which can’t be handled as above is the summand 
\\D„Dlqv\\ L 2 (jn). For this, 

D V D* V xql = D v ( xD u - i( 2 - 2u)) qf = x\D v \ 2 q{ - i( 3 - 2 u)D u q{. 

Using (3.10), 

x\D u \\ = xql\D u \ 2 - 2x{d x q[)d u - x{d 2 x qf) - (1 -2 v)d x (qi), 
which is bounded "H 2 (T”) —y 'H°(T”). This shows that 

\\Dtqv\\ n i(jn) < U||w|| W l + |/3|( T n), 

which completes the proof. 

□ 

Remark. Lemma 3.12 implies that bD^D u is also bounded "H S (T”) — y 'H s ~\P\~ 1 (ff r ^') 
since the projection "H s (T”) —* '% S (T") onto the hrst factor is continuous. 


Finally, a typical term in the operator A can be written as a(x,y)Dy, where |a| < 2 
and a G U 0O (T!J:) is constant outside a compact subset of T". 

Lemma 3.13. Suppose that a e C' 00 ('ir™) is constant for x large. 

(1) If s = 0,1 and |a| < 2, then aD “ : T-i s ( T") —> T") is bounded. 


ELLIPTIC BOUNDARY VALUE PROBLEMS FOR BESSEL OPERATORS 


25 


(2) If s = 0,1,2 and 0 < \a\ < 2, then aD " : "H S (T”) —> FL S l Q l(T”) is bounded 

Furthermore, suppose that a(0,p) = 0 for p G T n_1 . Then there exists c > 0 depending 
on s, a and C > 0 depending on a, s, a , r such that in each of the above cases, 

W a ^ > y u W j H a -\ o ‘\{T^) < cr IMI^uorp + ClMlw-ifrp- (3-17) 

for each u G Ft s ( T”) such that suppw C {( x,y ) G T" : |x| + \y — p\ < r}. 

Proof. (1) First suppose that s = 0,1. The boundedness result is clear if s = 1 and 
\a\ < 1 or s = 0 and |a| = 0. Otherwise, suppose that s = 1 and |a| = 2 . Write 
aDy = JT i 1 for smooth tangential operators A 1 (y, D y ) of order at most one. 

Then for each u,v G T v { T”) and I 7 I = 1, 

I ( D y A jU, u) T „ | = | (AyU, I < C'||n||^i (T ri ) ||n|| w i (T n ) . 

On the other hand, suppose that s = 0. Then 

| (aD*u,v) | = | (u, D%av) \ < C , ||m|| w o ( t» ) ||v|| w h ( t ™ ) 
for 1 < |a| < 2 . 

(2) The only case not handled above is s = 2, in which case it follows from Lemma 
3.9 that aDy is bounded H 2 ( T”) —> 'H S “H(T”) provided |a| 7 ^ 0. 

(3) This follows from the same arguments as in (1) and (2). 

□ 

To summarize the above discussion, write A = ^| Q | <2 o Q .D“ (non uniquely) in the 
form 

^ = £ D°A a 
I«I<1 

for some A a G Diff 1 (T n ^ 1 ) which depends smoothly on x G R+. Recall that P* is also 
a Bessel operator, accordig Lemma 1.3. Then there are the two Green’s formulas 

(Pu,v)jn = ( U,P*v) T n + (ju, Jjy)jn-1, (3.18) 

(Pu,v) T n = {D v u, D u v) T „ + (D v u,B*v)jn + ^ (A a u, D y v) Tn + ( 7 +u, 7 _u) t „_i , 

|a|<l 

(3.19) 

valid for each u,v G Jv(T”). 

Lemma 3.14. Let 0 < v < 1 and s = 0,1, 2. Then there exists C > 0 depending on s 
such that 

||-P M llw- 2 (T£) < C'H (u, ju) ||^ 3 ( T n) 
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for each u G P^T”). Thus the map ( 11 , 711 ) H > Pu, u G p,(T") admits a unique 
extension as a bounded operator 



for s = 0,1,2 and 0 < u < 1. When s = 0,1, this extension is determined by (3.18), 
(3.19). 


Proof. This is a direct consequence of Lemmas 3.10, 3.12, 3.13. 


□ 


The situation is simpler when u > 1: the analogues of (3.18), (3.19) are given by 

(Pu,v)jn = (u,P*v)jn (3.20) 

(Pu, w) T n = (DyU, D u v) T n + (Dy, B*v) T n + ^2 D v v )t% ’ ( 3 - 21 ) 

M<1 

valid for each u,v G p,(T”). As before, (3.20) is in fact valid for v G "H 2 (T"), while 
(3.21) is valid for v G 'H 1 (T”). 


Lemma 3.15. Let v > 1 and s = 0,1, 2. Then there exists C > 0 such that 

||P-u|| WS -2( T n) < C'||w||'H s (T")- 


for each u G p,(T”). the map u hg Pu, u G p^T") admits a unique extension as a 
bounded operator 



for s = 0,1,2 and v > 1. Wien s = 0,1 i/iis extension is determined by (3.20), 
(3.21). The action of P on TL S ( T”) is simply the restriction of P : ^'(T”) —» ^'(T™) 
to 7P(P). 


Proof. This is a direct consequence of Lemmas 3.11, 3.13, 3.12. 


□ 


Suppose that 0 < v < 1. If s = 0, 1, then an element / G % S_2 (T") is not 
uniquely determined by a distribution in ^'(T"). On the other hand, / may cer¬ 
tainly be restricted to a functional on / H s {T r f), which is determined uniquely by a 
distribution since C^°(T") is dense in this space by definition. Given s = 0, 1,2 and 
u G H s ( T"), / G 'H s ~ 2 (T r f), the equation Pu = / can be interpreted in this weak 
sense, namely 

(u, P*v) x = (/, v) x 

for all v G Cf°(Tf ) C "H 2 _S (T"). For s = 2 this is just the statement that Pu = / in 
distributions. Furthermore, if [u, 0) G FP(T”) and P(u,4 >) = /, then Pu = / weakly. 

Now suppose that P G Bess^(T") is a parameter-dependent Bessel operator. Re¬ 
calling the definition of the parameter-dependent norms as in Section 3.8, it is straight¬ 
forward to show that the following hold. 
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( 1 ) If 0 <v<l and s = 0,1, 2 , then there exists C > 0 such that 

IIIP(A)(u, 0)||| Hs -2( T n) < C|||(m, 0)|||^ s(t „ ) 

for each (w,0) G W{ T”). 

(2) If v > 1 and s = 0,1, 2 , then there exists C > 0 such that 

lll^(-^) M lll'H s - 2 (T!f.) < Clll U III'K S (T^) 

for each u G % S (T™)- 

There are also straightforward extensions of Lemmas 3.10, 3.11, 3.12, 3.13 for parameter- 
dependent norms. 

3.10. Function spaces on a manifold. Consider a compact manifold with boundary 
X, equipped with a distinguished boundary defining function x and collar diffeomor- 
phism (j) as in Section 1.2. 

Definition 10. Given v > 0, let X V (X) denote the following spaces of functions. 

(1) If 0 < v < 1, then X U (X) consists of u G C°°(X) such that 

(u o 4>)(x, y) = x 1 ^ 2 ~ v u-{x 2 , y ) + x 1//2+u u + (x 2 , y) (3.22) 

for some u± G C^QO, y/e) x dX). 

( 2 ) If v > 1 , then J= v = C?{X). 

Fix a finite open cover X — (J ?; U t by coordinate charts (Ui,i/)i), such that either 

Ui ndx = <fi, cr, 

or if Ui D dX ^ 0 then 

L 4 = #,e)xb), ^ = ( 1 x 0 ) 0 ^ 

for a coordinate chart (Y), 0j) on <9AL This of course implies that dX = (J { Y u where 
the union is taken over all i such that Ui D dX ^ 0. Now take a partition of unity of 
the form 

= x.ecr(u). 

i 

with the additional property that if I/ ?; D dX ^ 0, then y* has the form 

Xi = («A) ° 0 _1 , 

for functions a G C£°([0, e)), /% G C^Y)), where a = 1 near x = 0. Note that if 
u G J- V (X) then \i u ma Y be identified with an element of Jr(T") via the coordinate 
map ipi. Keeping this in mind, dehne 

IMkwp 0 := || {Xi u )°i’i 
for s = 0, ±1, ±2 and u G X V {X). 
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Definition 11 . Given s = 0, ±1, ±2, let 

ii ii 2 — V' ii ii 2 
\\ u \\h s (x) — 2_^ W u \\i,n s {x)- 

i 

Then define 

TL S (X) = closure of T V (X) in the 1-L S (X) norm. 

To prove that H S (X) is independent of the choice of covering Ui and partition of 
unity xu the following two results are needed 

Lemma 3.16. Let Y,Y' be open subsets of T n ~ 1 7 and suppose that $ : Y -E Y' is a 
dijfeomorphism between them. Suppose that K C M + x Y is compact. Then for each 
s = 0, ±1, ±2 there exists C > 0 such that 

C~ l \\u\\ H s (tj) < \\u o (1 x <I>)|| W3 (rp < ClMl^or”) 
for each u E Jv(T") with suppw C K' ■= (1 x $)(A"), 

Proof. For s = 0,1, 2 this follows immediately from the change of variables formula in 
the tangential direction. The cases s = —1, —2 follow by duality: choose a E C£°(R + ) 
and /3 6 Cf°(Y') such that y := a/3 = 1 on K'. Then for each v E Jv(T”), 

I (w,n) T n | ^ | (M,yy) T n | 

Tj n ^ Tj n ) 

where ||xv||k- s (T") < CiII^IIr-^t")- Thus 

IMIwCrp < Cf 1 sup |('U,w) T „|, 

ll w ll«- s (T" ) =1 - 

where the supremmn is taken over all w E Jv(T") such that suppic C K'. Then 

(u,w)j„ = (u o (1 X $),U7l) T n , 

where w±(x,y) = J(y)(w o (1 x $))(x, y) and J is the Jacobian determinant of 1 x <E>. 
Since J depends only on y, 

|l u h||-H- s ( , rp < C2 ||HIh- s (t”), 

which shows that |M|-h s (t™) < C||no(lx<l>)||'^s( T n) for some C > 0. The same argument 
is now applied with $ replaced by J?” 1 to conclude the reverse inequality. □ 

Remark. More generally, the space TL S ( T™) are invariant under diffeomorphisms <f> 
satisfying the conditions in Lemma 1.1 

Before stating the next result, recall that for M a (non-compact) manifold without 
boundary, the standard Sobolev spaces H* oc (M), H* ornp (M) are defined as follows: Fix 
a locally finite open cover M = (J ; . Xj by coordinate charts (Xj, f)j) where f)j : Xj -E 
M n , and a subordinate partition of unity YhjXy = 1 where Xj *= Cf°(Xj). Then 
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Hcomp(M) is defined as all compactly supported distributions u G £'(M) such that the 
norm 

IMIr 3 (m) ll(Xj M ) ° ’ l l ; j\\‘ 2 H s (R n - 1 )- (3.23) 

3 

is hnite. The local spaces H 2 oc (M) then consist of distributions u G V(M) such 
that x u ^ if^omp (M) for each x £ C£°(M). Let H S K (M) denote the space of all 
u G H* omp (M) whose supports are contained in a fixed closed set K c M. If M is 
compact, then H S K (M) is complete under the norm 3.23. Furthermore, these spaces 
do not depend on any of the choices used to define them. 

Lemma 3.17. Let K be a compact subset of T”. Then for each s = 0, ±1, ±2 there 
exists C > 0 such that 

C 1 ||m||r s (t^) < IMI^ccrp < CIMIfuorj;) 
for each u G C“(T”) such that supp u C K. 

Proof. This is again straightforward for s = 0,1,2, while the cases s = —1, —2 follow 
by duality. □ 

The combination of Lemmas 3.16, 3.17 show that the spaces TL S (X) do not depend 
on any of the choices used to define them. 

Lemma 3.18. Fix a density on X of product type near dX. Let {-,-) x denotes the 
inner product on L 2 (X\ /i). For each s = 0, ±1, ±2 

I (u,v) x | < C||m||^(x)||p||w-»(x), 

where u,v G T v . Furthermore, extends to a nondegenerate pairing Tl s (X) x 

U~ S (X) —> C. 

Proof. This can be reduced to the case on T” via the coordinate charts and 

partition of unity Xi used to define TL S {X) (it is here that choosing a quadratic partition 
of unity is particularly convenient) □ 

Thus Fi~ s {X) is naturally identified with the antidual of PL S (X) via the inner product 
induced by p on "H°(X). When 0 < v < 1, it is also possible to show that the maps 

u i— y w_(0, •), u i— > 2uu + (0, •) 

for u G X V (X) satisfying (3.22) admit continuous extensions such that 

: W(X) -A H s ~ l±u (dX). 

It is understood that 7 _ exists for s = 1,2, while 7 + exists for s — 2. The spaces 
PL S (X) are then defined exactly as in Section 3.7. 


Lemma 3.19. Let P G Bess^X). Then the following hold. 
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(1) If 0<v<l and s = 0,1, 2, then there exists C > 0 such that 

\\Pu\\w~Hx) < C\\{u,ju)\\ na{X )- 

for each u G IF V {X). 

(2) If v > 1 and s = 0,1, 2, then there exists C > 0 such that 

\\Pu\\ H s-2( X ) < C\\u\\ H s^ X ). 

for each u G IF V {X). 

As in Section 3.9, it follows that (tqyw) ha- Pu admits a unique extension to TL S (X ) 
for 0 < v < 1, and u H > Pu has a unique continuous extension to II s (X) for v > 1. 

The traces 7 ± can be formulated in terms of the boundary defining function x. This 
is clear for y_, which is just the restriction of x u ~ 1 ^ 2 u to the boundary. If d x is the 
unique vector held on X which pulls back via f x to the coordinate vector held d x , then 
7 + is the restriction of x x ~ 2v d x (x v ~ x ! 2 u) to the boundary. 

Lemma 3.20. Suppose that x and p are boundary defining functions satisfying the 
conditions in Lemma 1.2. Then the traces 7 ± defined with respect to x agree with those 
defined with respect to p. 

Proof. This can be checked in local coordinates using Lemmas 1.1, 1.2. However, note 
that the spaces X U (X) defined with respect to x and p do not agree. □ 

The parameter-dependent norms on TL S (X) are dehned by replacing || • with 

III • lllw s (Tj:) in Definition 11, and similarly for Ti s {X). Then P is uniformly bounded in 
A with respect to these norms. 

The following compactness result is established in the appendix. A different proof 
can be found in [32, Section 6]. It is used in Section 5 to prove the Fredholm property 
for certain boundary value problems. 

Lemma 3.21. [32, Section 6] Let v > 0 and p be a density of product type near dX. 

(1) The inclusion TL l (X) TL°(X) is compact. 

(2) The injection TL°(X) TL^ l {X) induced by the L 2 {X\p) inner product is 
compact. 

(3) If 0 < v < 1, then U l {X) -A H°( TTf.) and the injection H°(X) -A U l {X)' 
induced by the L 2 (X] /i), L 2 (dX] pox) inner products are compact. 

Proof. (1) For a proof, see the appendix. The other cases (2), (3) follow by duality. □ 

Finally, it is important to consider the action of standard pseudodifferential oper¬ 
ators whose Schwartz kernels are compactly supported in X x X. The class of such 
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pseudo differential operators of order m is denoted by v f'” I )mp (X). If Q G v E f ™ mp (X), then 
there exists a compact subset K C X such that suppQw C K for each u G C°°(X). 


Lemma 3.22. Suppose that Q G v lA omp (X). Then there exists a compact subset K C X 
such that for each s = 0, ±1, ±2, the map 

u i— > Qu, u G T v 


extends uniquely to a bounded map 


Q : 


n s {x) -a h s k 7 2 (x ) 
n s {x) -a h s ~ 2 (x ) 


if 0 < v < 1, 
if v>\. 


Proof. It suffices to prove this in local coordinates, where the result follows from Lemma 
3.17. □ 


Remark. It is also necessary to consider the class of (compactly supported) parameter- 
dependent pseudodifferential operators, denoted here by \I/romp (X) — see [52, Chapter 
II.9] for this class of operators, or [65, Chapter 4], [19, Chapter 7] for an equivalent 
semiclassical description. In that case, if Q G 'kcomp(X), then the boundedness result 
of Lemma 3.22 holds uniformly for the appropriate parameter-dependent norms. 


3.11. Graph norms. Throughout this section, assume that 0 < u < 1. Following 
[50, Chapter 6.1], an alternative characterization of the spaces TL S (X) is given. Given 
s = 0,1, 2 and a Bessel operator P, define the norm 

IMI^pCO = IMI^qx) + \\Pu\\ H s-2( X ) 

for u e X V {X). 

Lemma 3.23. Give s = 0,1, 2 there exists C > 0 such that 

C^lMnpX) < \\( u ,1 u )\\h°(x) < c ~ l \\ u \\up{x) 

for each u G !F V {X). 

Proof. The first inequality above holds according to Lemma 3.14. For the converse, 
first recall that the trace map 7 : TL S {X) -A- H s ~-(dX) has a continuous right inverse 
/C, which furthermore maps C°°(dX) x C°°(dX) —> T V (X) — see Lemma A.3 in the 
Appendix. Fix u G T V {X) and define the linear form ^ on C°°(dX ) x C°°(dX) by 

= ( Pu i v )x ~ (■ u , p * v )x > 

where v G J r v (X) is any element satisfying yu = if. The form £ is well defined, since 
by Green’s formula it is independent of the choice of v; in particular, it is possible to 
take v = /C( , 0). Here the duality is induced by a fixed density of product type near 
dX. Then _ 

K(V0| < Ci(\\Pu\\ H s-2( X ) + |I m I|h s (A))||/C(^)||^ 2 - S ( X ) < C 2 \\u\\'H s p (X)\\fA\H 2 - s -"(dX)- 
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By Hahn-Banach and the Riesz theorem, there exists a unique 0 G H s 2+ -(dX) such 
that for each u,u6 X ), 

(Pu,v) x - (u,P*v) x = < 0,7 v) ax i l|0|| H'-*+z.{dX) < C 2 \\u\\ n s p{X )- 

The constant C 2 in the latter inequality is independent of u G J r u (X). On the other 
hand, Green’s formula implies that £(0) = — (Jyw, 0^ for all 0, so in particular 
0 = —J'yu. Since 

\\ju\\Hs-z(dx) = ||0||r/ s - 2 +ii(aA), 

it follows that ||(w, ju) < C 2 \\u\\ Wp {x)- □ 

Let 'Hp(X) denote the closure of P U (X) in the norm || • || n s p (X)- Since (m, yw), u G 
T v (X ) is dense in "H S (X), it follows from Lemma 3.23 that 'Hp(X) is naturally iso¬ 
morphic to "H S (X) via the closure of the map u 1 —y (u,^fu). Moreover, any element of 
’Hp(X) can be identified with a unique pair («,/), where u G / G 'H S ~ 2 (X), 

and Pu = f in the weak sense (described at the end of Section 3.9). 

4. Elliptic boundary value problems 

This section concerns boundary value problems for Bessel operators on a compact 
manifold with boundary X as in Section 1.2. When 0 < v < 1, these are of them form 

[Pu = f on X 

\ Tu = g on dX. 

Here P G Bess I/ (X) is Bessel operator which is elliptic in the sense of Section 1.4 on 
OX, and 

T = T+7 + + T~ 7_ 

for some differential operators T ± on the boundary, to be specified in the next section. 
The boundary operator T is only relevant when 0 < v < 1. When v > 1, one considers 
the simpler equation 

Pu = / on X. 

To highlight the difference between the cases 0 < v < 1 and u > 1, fix p G dX and 
consider the model equation on M + determined by the boundary symbol operator, 

P(p,v) u = /• (4- 1 ) 

referring to Section 1.4 for notation. Suppose that P is elliptic at p G dX. Any 
two solutions to the equation (4.1) differ by an element of the kernel of P( p . v ) ■ If 
u G ker P( P:V ) satisfies u G L 2 ((l,oo)), then necessarily u G Ai + (p, rj). On the other 
hand, if v is not an integer, then 


Ti I-v(s) - I v (s) 
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where I u is the modified Bessel function of the first kind [49, Chapter 7.8] (if u is 
an integer, equality holds in the sense of limits). In particular, if 0 < v < 1, then 
I± u (s) = 0(s ±u ). Consequently kerP( Pi ^) D L 2 (R + ) = A i + (p,rj), and hence P(p, n ) 
cannot be an isomorphism between any L 2 based spaces: in general, (4.1) must be 
augmented by boundary conditions so that the L 2 kernel is trivial. Of course, all of 
these observations are classical when v = | (boundary value problems in the smooth 
setting). 

This is in contrast to the situation when v > 1. In that case, y/xK u (i^(p,r})x) is 
not square integrable near the origin, and so the L 2 kernel of P(p. v ) is always trivial. 
Hence specifying / on the right hand side of (4.1) (in an appropriate function space) 
will uniquely determine a solution u. Thus in the case v > 1, it is not necessary to 
impose any boundary conditions apart from the square integrability requirement. 

In the self-adjoint setting, the heuristic above is the limit point/limit circle criterion 
of Weyl on self-adjoint extensions of symmetric ordinary differential operators with 
regular singular points — see [64] for an exhaustive modern treatment, and [4, 35] for 
discussions in the context of AdS cosmology. 

4.1. Boundary conditions. This section is only relevant in the case 0 < v < 1. 
Choose differential operators 

T~ G Diff^dX), T + G Diff°(dX), 

noting that T + is just multiplication by a smooth function on dX. Then set T = T ±r y±, 
where Einstein summation is implied. A natural question is how to define the “leading 
order” term in T. Suppose that p G {1 — u, 2 — u, 1 + z/} and 

ord(T") — v < p — 1, ord(T + ) + v < p — 1. (4.3) 

Then T is said to have i/-order less than or equal to p, written as ord U {T) < p. Note 
that if ordt,(T) < p, then B : "H 2 (X) —> H 2 ~^(dX) is continuous. 

Suppose that p G {l — u,2 — u,l + u} and ord U (T) < p. Define the family of operators 

r P\[y,v) — a [/j,-i+v~\ {T )7— T o’f/i— i—i/] (T )t+j 

indexed by (y,r)) G T*dX. Thus each (y,r)) G T*dX gives rise to a one-dimensional 
boundary operator 

4.2. The boundary value problem. Although boundary value problems of the form 
(4) are ultimately of interest, for duality purposes it is convenient to consider a more 
general type of problem. Fix J G N, and choose 

• pk G {1 — is, 2 — u, 1 + v} for k G {1,..., J + 1}, 

• numbers t 3 G R for j G {1,... J}, not necessarily integers. 
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Let T = (Ti,..., Tj + i) T denote a (J + 1) x 1 matrix of boundary operators, such that 
ordy(Tfc) < Hk- Furthermore, for each k G {1,..., J + 1} and j G {1,..., J}, suppose 
Ckj G Diff*(<9X) is a differential operator on dX such that 

ord(Cfc J ) < Tj + g k . 


Let C denote the (J + 1) x J matrix with entries C k j- Given these prerequisites, 
consider the modified boundary value problem 


Pu = f on X 

Tu + Cu = g on dX, 


(4.4) 


where u = (u±,... uj), g — (gi ,..., fi'j+i) are collections of functions on dX. In order 
to associate an operator to this problem, note that Tu may be written in the form 


Tu = G^/u, 


where G is the (J + 1) x 2 matrix 


G = 




\ ^J+1 Tj + 1 / 

Throughout, it is always understood that G is associated with T in this way. Finally, 
set g = (// 1 ,..., /ij+i) and r— (ti, ..., tj). Then let & denote the map 


J^(u,(p,u) = (P(u, (p), Gcj) + Cu). 


This is also written as & = {P, T, C}. 


Lemma 4.1. The map P? = {P,T,C} is bounded 

: U S (X) x H S+ ^(3X) —>■ 'H s ~ 2 (X) x H s ~^(dX) 

for each s = 0,1, 2. 


Proof. The mapping properties follows from the results of Section 3.10. 


□ 


4.3. The adjoint boundary value problem. Fix a density g which is of product 
type near dX. Let P* denote the formal L 2 (X; g) adjoint of P; then P* is also a Bessel 
operator in light of Lemma 1.3. Let C*, G* denote the formal L 2 (dX]gQx) adjoints 
of C, G. Define the problem 

{ P*v = f on X, 

J'yv + G*v = g on dX, 

C*v = h on dX, 

where v = (iq,..., vj+f), (g, h) = (g±, g^ hi,... hj ) are functions on dX. 


(4.5) 
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Although Green’s formula (3.18) was previously only established for the formal ad¬ 
joint of a Bessel operator on TFf, it is clear that (3.18) also holds here when the 
appropriate p and pgx inner products are substituted on X and dX: 

(Pu, v) x + (Tu + Cu,v) {dx y+ 1 = (u, P*v) x + (ju, G*V + Jjy) {dx) 2 + ( a , C*v) {dx y . 

In light of this, the problem (4.5) is said to be the formal adjoint of (4.4). Also notice 
that (4.5) has the same form as (4.4). The corresponding operator is denoted by &*. 

4.4. The Lopatinskil condition. The standard Lopatinskii condition for smooth 
elliptic boundary value problems (see [43, 50]) has a natural generalization to the 
situation here. Begin by choosing c k .j G Z (not necessarily nonnegative) such that 

ord(C*j) < c kJ < Tj + /i fc , 

and then define the matrix C\ y>r] ) with entries 

{d(y, v))k,j — a c kJ (Ckj)(y, rj). 

Thus (y, rf) K y Ct y)I? ) is a function on T*dX with values in matrices over C. Further¬ 
more, define Gy^) by the equality 

G(y : ri)JU — T(y^)U. 

Remark. The matrix Cyy depends strongly on the choice of and is not necessarily 
obtained by calculating the principal symbol of C kj entry-wise with respect to the order 
of C k j. The numbers c k j in general will depend on the choice of Tj, fi k as well. Similarly, 
Gy t y is in general different from the principal symbol of G calculated entry-wise with 
respect to the order of each entry. 

Definition 12. Suppose P is elliptic on dX. The boundary operators ( T,C ) are said 
to satisfy the Lopatinskii condition with respect to P if for each fixed p G dM and 
r) G T*dX \ 0, the only element (u,u) G M. + (p,rf) x C J satisfying 

4 ~ G^p ^u 0 

is the trivial solution (u,u) = 0. The boundary value problem (4.4), or equivalently 
the operator & = {P,T,C}, is said to be elliptic on dX if P is elliptic on dX in the 
sense of Definition 3 and (T, C ) satisfy the Lopatinskii condition on dX with respect 
to P. 

As in Section 1.4, the one-dimensional space Ai + (y,rj) is spanned by the function 
u(y, r p x ) = -—- sm ^ (ig(y, ri)) v y/xK v (i£(y, rj)x). (4.6) 

7T 

The argument is chosen so that all of the quantities are positive when £ lies on the 
negative imaginary axis. This choice of normalization for u is motivated by the fol¬ 
lowing: 
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Lemma 4.2. Let 0 < v < 1. Then 


7 ~(u(y,ri)) = l, 7 +(u(y,v)) 



Proof. This follows from the asymptotic behavior 



r(i + 0 


i 



as x —> 0 + . 


□ 


Example. It is clear from Lemma 4.2 that the Dirichlet condition T = and Neu¬ 
mann condition T = 7 + satisfy the Lopatinskii condition with respect to any elliptic 
Bessel operator. The same is therefore true for the Robin condition T = 1+ + T l-i 
where T~ e C°°(dX). 

Example. Consider a boundary condition T = 7 + + T~ 7 _, where T~ is a nonzero 
vector field on dX. 

(1) If 1/2 < v < 1, then T/^) = y + for arbitrary T~. Thus T satisfies the 
Lopatinskii conditions with respect to any elliptic Bessel operator. 

(2) If v — 1/2, then T is a classical oblique boundary condition. The Lopatinskii 
condition is satisfied if is a real vector field for example, but can otherwise 


fail. 

(3) If 0 < v < 1/2, then 


T( y , V ) = (?i{t )(y,vh- 


Since ai(T~)(y,r)) is linear in 77 , it must have a nontrivial zero at each y 6 dX 
provided the dimension of the underlying manifold X is at least four (or three 
if is real). In that case the Lopatinskii condition necessarily fails at every 
point on the boundary. 

Example. Consider the operator = \D V | 2 + Dy + D 2 Z acting on (0,1) x T 2 , where 
(y,z) are standard coordinates on T 2 = (R/2tiZ) 2 . Clearly is an elliptic Bessel 
operator. Consider the boundary value problem 


Ku = /, 

T 0 u = g, T\U = 0, 


where T±u = u\ x= i, and To = ( d y — <9 2 )7-. This is not a Fredholm problem, since there 
is an infinite dimensional kernel: for each n > 0 , consider the function 
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The family of u n is linearly independent and each u n solves the boundary value problem. 
If 0 < v < 1/2, then Tq = y + + T 0 is a compact perturbation of the original problem; 
thus the problem with Tq replacing T 0 is not Fredholm either. Ifl/2<z/<l then the 
problem with Tq satisfies the Lopatinskil condition, so is indeed Fredholm. 

Before proceeding with the next lemma, suppose that P G Bess l/ (X) and /i is a 
density of product type near dX. If P is elliptic at p G dX, then so is P*, since the 
function (1.5) is simply replaced by its complex conjugate. 

Lemma 4.3. Suppose that PA = {P, T, C} is elliptic. If p is a density of product type 
near dX and PA* is the corresponding adjoint boundary value problem, then PA* is also 
elliptic. 

Proof. Since cllipticity only depends on various “principal symbols”, it is easy to see 
that 

p* — p* 

1 (y,V) 1 (y,ri) ’ 

where the latter adjoint is calculated with respect to the standard T 2 (M + ) inner prod¬ 
uct. Similarly 

nP _ PP _ P* 

1 {y,v) — 1 (y,r ] )) ° (y,y) ~ °(j/,??)> 

where the latter adjoints are taken in the sense of matrices over C. 

Suppressing the dependence on ( y,r\ ), Green’s formula (3.18) implies that 

{Pu,v) R+ + (fu + Cu,v) c j +i = ( u,P*v) x + ( 7 u,G*v + Jp ) C 2 + (u,C*v) c j- 

The goal is to prove that if the right hand side vanishes, then ( v,v ;) = 0. The proof 
relies on Lemma 4.6 below (whose proof is of course independent of the present lemma). 
As in the proof of Lemma 4.6, the Lopatinskil condition implies that 

(w, u ) i-G- Tu + Cu 

is an isomorphism between the spaces Ai + x C J —>• C J+1 . So choose (u,u) G M+x C J 
such that 

Tu + Cu = v. 

Since Au = 0, it follows from Green's formula that v = 0. On the other hand, from 
Lemma 4.6 it is always possible to solve the inhomogeneous equation 

{ Au = v , 

Tu + Cu = 0, 

whence Green’s formula implies that v = 0 as well. □ 
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4.5. The Dirichlet Laplacian. The results of this section are applied in one dimen¬ 
sion to Section 4.7, and in higher dimensions to Appendix A.5. Define the Bessel 
operator A u G Bess„(T”) by 

Aj, = |-Dj ,| 2 + Ap-i, 

where A T n-i = Y^=i ^y* is th e positive Laplacian on T n_1 . Consider the continuous, 
nonnegative Hermitian form 

n —1 

v) ■■= ( D v u, D u v) T n + ^2 (DyiU , D y iu) Tn (4.7) 

i =1 

on "H 1 (T"). Associated to this form is the unbounded self-adjoint operator L on L 2 (T r f ) 
with domain 

D(L) ={u6 'H 1 (T”) : v ha £(u,v) is continuous on L 2 (T")}. 

Standard manipulations show that 

D(L) = V}{J n + ) n{«6 L 2 (T”) : A v u G L 2 (T”)}, (4.8) 

and Lu = A U u in the sense of distributions for each u G D(L). The domain D(L) is 
equipped with the graph norm. 

Remark. In one dimension it is obvious tht D(L) = 'H 2 (M + ) D'H 1 (M + ), with an equiv¬ 
alence of norms via the open mapping theorem. This is also true in higher dimensions, 
but is not immediate from the definition 


The next lemma follows from the Lax-Milgram theorem. 


Lemma 4.4. Let v > 0. For each a G C \ (— oo, 0] the inverse (L + a) 1 
maps 


(L + a) 1 


n\T%)' -A U l (Y n + ), 
L 2 (Y\) -A D(L). 


exists, and 


Proof. Since a ^ (—oo, 0] the form £ a (u, v ) = £(u, v) + a ( u , u) T „ is coercive on 77 1 (T”), 

so £ a (u,v) defines an inner product on "H 1 equivalent to the usual one. The Lax- 
Milgram theorem guarantees that for each / G ?7 1 (T”) / there exists a unique u G 
W (TT™ ) such that £ a (u,v) = (f,v), and the mapping u ha / is continuous 'H 1 (T”)' -a 
U l { T*). 

Furthermore, the unbounded operator associated to £ a is clearly L + a (acting in 
the distributional sense) so L + a : D(L) -A L 2 ( T”) is bijective. Since this map is 
continuous when D(L) is eqiiipped with the graph norm, it is an isomorphism by the 
open mapping theorem. □ 
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4.6. Elliptic Bessel operators on M + . In this section, fix an operator P on M + of 
the form 

P = \D U \ 2 + a, a G C. (4.9) 

Thus £ H y f 2 + a has no real roots precisely when a ^ (—oo, 0]. In that case, P is said 
to be regular. This is distinguished from ellipticity of P since the principal symbol of 
multiplication by a as a second order operator is zero (in other words, the boundary 
symbol operator is | D u \ 2 and not \D U \ 2 + a). Furthermore, if 0 < v < 1, fix boundary 
conditions (T, C). Thus T is just a column vector of J boundary operators T k = Tf Lr )± 
with Tjf G C, and Cisa(J+l)xJ matrix with C-valued entries. 

Regularity of the operator PP = {P, T, C} is defined as just the Lopatinskii condition: 
let M.+ denote the space of bounded solutions to the equation Pu = 0. Then & is 
regular if the only element (u,u) G A4 + x C J satisfying Tu + Cu = 0 is the trivial 
solution. 

Proposition 4.5. Suppose that P given by (4.9) is regular, and that £? = {P,T,C} 
is regular if 0 < v < 1. 

(1) If 0 < v < 1, then P? is an isomorphism 

H S (R + ) xC J G U s ~ 2 (R + ) x C 1+J 

for each s = 0,1, 2. The operator norm of depends continuously on a and 
the coefficients of G and C 

(2) If v > 1, then P is an isomorphism 

H S (R+) —> U s ~ 2 (R + ) 

for each s = 0,1, 2. The operator norm of P -1 depends continuously on a. 

The proof of this proposition is split up across several Lemmas. 

Lemma 4.6. Proposition f.5 holds when 0 < v < 1 and s = 2. 

Proof. Since P 2 (R + ) is isomorphic to P 2 (M + ) via the map v i —> (vj'yv), it is sufficient 
to prove the lemma with P 2 (!L)_) replacing 'H 2 (M + ). By the regularity condition, P is 
injective. Indeed any solution in 'H 2 (M + ) to the equation Pu = 0 must lie in A4 + , and 
the Lopatinskii condition implies that such a solution is unique. It remains to show 
surjectivity. 

Fix (f,g)en°(R + ) x C J+1 . From Lemma 4.4, it follows that that the equation 

Pu = f 

has a solution u\ G 'H 2 (M + ) n7P(M + ). It then suffices to let (w 2 ,w) G M. + x C J solve 


Pu 2 = 0, 

Tu 2 + Cu = g — Tu\, 
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This is possible since 


(u,u) i—^ Tu + Cu 


as a map between the finite dimensional vector spaces PA + x C J —> C J+1 is injective, 
hence an isomorphism. Setting u = U\-\~U 2 shows that P^(u,u) = (/, g). It is also easy 
to see that the operator norm of PP depends continuously on a and the coefficients 
of G and C , which implies the same for the operator norm of <$P _1 via the resolvent 
identity. □ 


Lemma 4.7. Proposition f.5 holds when 0 < v < 1 and s = 0. 


Proof. Since the formal adjoint operator PP* is also regular according to Lemma 4.3, 
the map 


H 2 (R + ) x C 1+J —> H°(R + ) x C 2 x C J 


given by 


(v,y) i—» (P*v, J'yv + G*v, C*v ) 


is an isomorphism according to Lemma 4.6. But in that case, a direct calculation 
shows that agrees with the Hilbert space adjoint PP' of 


& : H°(R + ) XC J A H~ 2 (R + ) x C 1+J . 


Since PP' is an isomorphism, & is an isomorphism on the stated spaces as well. □ 


To prove Proposition 4.5 for s = 1, the following regularity result is needed. 

Lemma 4.8. Let 0 < v < 1. Suppose that e 'H°(M+) satisfies P(u,cj)) 6 

n^{R + ). Then e n\R+). 

Proof. Let / G 'H 1 (R +)' denote the restriction of the functional P{u,<f>) to LL 1 (R + ). 
This implies that / = Pu in the sense of distributions. By Lemma 4.4, there exists 
a unique u G 'H 1 (M + ) such that Pu = f in the distributional sense. Thus in sense of 
distributions on R + , 

P{u — u) = 0. 

Since u and u are square integrable, it follows that u — u G A4 + . Thus it is certainly 
true that 

u = (u — u) + u G PL l (R + ). 

It remains remains to prove that </>_ = 7 _u. A priori («,</>) G 'H°(M+), so for each 
v G n 2 (R+), 

if,v) R+ = ( u,P*v) R+ - 0+(7_v) + 0_(7+n). 

Using that u G PL 1 ( R + ), this may be rewritten as 

(/, v) R+ - ( D v u , D u v) r+ - a(u, n) R+ + <f+{^-v) = (0_ - 7 _-u) 7 +u 
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for each v G "H 2 (R + ). But the left hand side extends to a continuous functional on 
'H 1 (R_i_), which is not true of the right hand side unless 0 _ = 7 _u, thus completing 
the proof. □ 

Lemma 4.9. Proposition 4-5 holds when 0 < v < 1 and s = 1. 

Proof. The regularity result of Lemma 4.8 combined with Lemma 4.7 shows that PA 
defines a continuous bijection, hence an isomorphism 

H l (R + ) xC j a n- 1 (R + ) x C J+1 

as stated. □ 

Lemma 4.10. Proposition 4-5 holds when v > 1. 

Proof. If v > 1, then 'H S (M + ) = 'H S (M + ) for s > 0. Thus it suffices to apply Lemma 
4.4 directly when s = 1,2. The case s = 0 is handled by duality, similar to 4.7. □ 

Proof of Proposition 4-5. The combination of Lemmas 4.6, 4.9, 4.7, 4.10 establishes 
Proposition 4.5 □ 

4.7. Elliptic Bessel operators on T" with constant coefficients. Throughout 
this section, P denotes a constant coefficient Bessel operator on T”, 

P{D U , Dy) = \D V \ 2 + A(D y ) (4.10) 

If 0 < v < 1, then P is also augmented by boundary conditions ( T,C ) with constant 
coefficients: thus each boundary operator is of the form T k (D ) = T±(D y )'-f±, and each 
entry of C(D y ) has constant coefficients. 

The principal part of P is the operator 

P°{D u ,Dy) = I D„\ 2 + A°(D y ), 

where A°(D y ) is the standard principal part of A. The principal parts of ( T(D y ), C(D y )) 
are defined to be the unique boundary operators ( T°(D y ),C°(D y )) satisfying 

T°(v) = f v , C°( V ) = d v 

for each 7 e M n_1 . Finally, define P?°(D V , D y ) = {P°(D U , D y ),T°(D y ) : C°(D y )}. 
Ellipticity of either P or & depends only on these principal parts. 

Lemma 4.11. Assume that P and PA are elliptic. Furthermore, assume that the one 
dimensional operators P(D u ,q) (if v > 1) and FA(D v ,q) (if 0 < u < 1) are regular for 
each q G Z n_1 . 

(1) If 0<v<l, then 

& : n 2 (Tl) x H 2+z (T n ~ 1 ) -x n°( T") x T-L 2 ~^(ff n ~ l ) 
is an isomorphism. 
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(2) If v > 1, then 

P : n 2 { T") T”) 

is an isomorphism. 

Proof. (1) Let 0 < v < 1. By ellipticity, 

(q)- 1 q) : H 2 (M+) xC J A C 1+J 

is an isomorphism for each q G Z 71-1 , according to Proposition 4.5. Since (q) 1 q ranges 
over a compact subset of M” -1 , the operator norm of J^ > °(D U , (q)~ q )^ 1 is bounded 
uniformly with respect to q G Z 71 ^ 1 \ 0. On the other hand, the homogeneity of P° 
implies 

t~ 2 S_ t P°(D u , D y )S r = P°{D V , r~ 1 D y ), T-H +1 / 2 T°(D y )S T = T\r~ l D y ). 

Using r = (q), this implies that the operator norm corresponding to the problem 

f (Q)~ 2 S ( q )~ lP ( D u, q)S {q) v = (j), 

\(q)- n+1,2 T(q)S { „ } v + Et, C kJ (q)v = ± 

tends to that of FA°{D V , (g) 1 D y ) as \q\ —> oo. Thus the former problem is invertible 
for q G Z 71-1 with operator norm uniformly bounded in q. Apply this invertibility 
result to the functions 

v = S {q) -iu(q), V = ((g) T1+1/2 u.i(q), • • •, (g) rj+1/2 Uj(q)). 

This implies that 

l|s< g) - i 'u(?)ll^ (T ip + {qY 1+21 1|«(?)||^ 

< C ((g)~ 4 \\S {q) -iP(D v , q)u(q) || 2 + (q) 1 - 2 - \\T(q)u(q) + C kJ (q)u(q) ||cj+i) • (4.11) 

From (4.11) it follows that & is injective. Now multiply this equation by ( q) 2b 1 = (q) 3 
and sum over q G Z n_1 . Then Lemma 3.7 shows that the Fourier series for (u,u) 
converges in "H 2 (T") x H 2+ -{ T r7_1 ). Combined with the fact that &(D V , q) is invertible 
for each q G Z n_1 , this shows that & is surjective. 

(2) The proof when v > 1 follows as above, disregarding the boundary operators. □ 

Corollary 1. Assume that P and S? are elliptic. Furthermore, assume that the one 
dimensional operators P(D u ,q) (if v > 1) and £?(D v ,q) (if 0 < u < 1) are regular for 
each q G Z 71-1 . 

(1) If 0 < v < 1, then 

& : U s (T n + ) x H s+z (T n ~ 1 ) -> n s ~ 2 (T n + ) x H a ~±{ T n_1 ) 
is an isomorphism for s = 0,1, 2. 
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(2) If v > 1, then 



is an isomorphism for s = 0,1, 2. 

Proof. (1) It remains to handle the cases s = 0,1. First consider s = 0. As in the 
proof of Lemma 4.7, the formal adjoint 

: U 2 { T”) x H^T 1 - 1 ) —> P°(T”) x H-~ 2 (Y n ~ l ) x H~ z (Y n ~ l ) 

agrees with the adjoint of 

& : U°(T n + ) x H z ( T 1 ” 1 ) -> U~ 2 (T n + ) x H~^(T n ~ 1 ). 

Now PA* satisfies the same hypotheses as & in regards to the application of Lemma 

4.11, so is an isomorphism. This implies that PA' is an isomorphism, hence so is PA on 
the stated spaces. 

The case s = 1 follows from (4.11) combined with Lemma 4.9: indeed, multiplying 
the analogue of (4.11) by (q) s = ( q ) and using the invertibility result from Lemma 
4.9 shows that PA is surjective on "H 1 (T”) x H 1+L (T'f) (as well as injective by the s = 0 
case). 

(2) As usual, when v > 1 the proof follows by dropping the boundary terms. □ 

Remark. If P(D U , D y ) is elliptic, then P°(D U , D y +\) satisfies the hypotheses of Lemma 

4.11. Similarly, if 0 < v < 1 and 2P(D u: D y ) is elliptic, then 2P°(D U , D y + |) also 
satisfies the hypotheses of Lemma 4.11. 

4.8. Elliptic Bessel operators on T™ with variable coefficients. In this section, 
let P be a Bessel operator on T" of the form 

P(x, y, D u , D y ) = \D U \ 2 + B(x, y, D y )D v + A(x, y, D y ), 

where the coefficients of A , B are constant outside a compact subset of T". If 0 < v < 1, 
then P is also augmented by boundary conditions (T(y, D y ), C(y, D y )). Introduce the 
notation 

:=P"(0,0,A„A, + i), 

T m (D t ) = r (0, D v + i), C<°)(£> s ) = C°(0, D t + i). 

According to Lemma 4.11, if P and & are elliptic, then (if v > 1) and (if 
0 < v < 1) are isomorphisms on the appropriate spaces. 

Given p > 0, define the Fourier multiplier K p = l\ x \> p (D y ). This operator acts both 
on Sobolev spaces H m ( T n_1 ), as well as on "H S (T") (or PL s (T r f)) via the results of 
Section 3.6. If m > m' then clearly 
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for G H m (T n 1 ). Similarly, 

\\^P u \\'H a {j r i) < (p) \\DyU\\ W (jn) < (p) |MI^+H(t™) (4.13) 

for u G TL S ( T™), provided s + |a| <2. A similar statement holds for («, fi) G "H S (T"). 

Lemma 4.12. Assume that P and PA are elliptic. Then there exists 5 > 0 such that 
the following hold. 

(1) Let 0 < v < 1 and s = 0,1,2. Suppose that (u,(j>,u) G TL S ( T™) x H s+z (T n ~ 1 ) 
satisfies 

supp-u C {( x,y ) G T+ : |x| + \y\ < e}, 
supp0 C{|/G T 1-1 : \y\ < 5}, suppw C {ye T n_1 : \y\ < 5}. 

Then 

II ( u i ]£) ll-H s (T^)xR s +2:(T n - 1 ) — ^(11 ^( u i ffi Ik) ll'H s-2 (TpxH s_ ^(T 71 - 1 ) 

+ II ( u i 0j Vl) II'H 3 -1(X)xR' s - 1 +2;(T 71 - 1 ))’ (4-14) 

where C > 0 does not depend on (u,4>,u). In addition, if s = 0,1 and 
&(u,fi,u) G H s -\Tl) x n s -^ +1 ( T”" 1 ), 
then (u,(f>,u) G "H S+1 (T") x i/ s+ - +1 (T"). 

(2) Let v >1 and s = 0,1, 2. Suppose that u G "H 2 (T") satisfies 

suppu C {(x,y) G T" : \x\ + \y\ < <5} 

Then 

IM|h s (T") < C(||-Pw||^s- 2 ( T n) 4- ||tt||^-l( T n)), 

where C > 0 does not depend onu. In addition, if s = 0,1 and Pu G 'H S_1 (T"), 
then u G "H S+1 (T"). 

Proof. (1) For concreteness, assume that s = 1 and LA(u, fi,u) G "H°(T") xi/ 2_ ^(T"” 1 ). 
If (f,g) = TA(u,(j),u), consider the identity 

LA^°\u,(j),u) + (LA — LA^)(K p (u,(j)),Kpu) 

= (/,») -(»- ^ (0) )((l - K„)(u,£, (1 - K p )u). (4.15) 

Noting that the term (P — p(°))(w, 0) depends only on u (and not on <j>), it follows 
from Lemmas 3.12, 3.13 and (4.13) that 

|| (P — P^)K p u\ |h°(T") < Cl<5||rt||^2( T n) + C 2 11 K p U 11 ftl(T£) 

< (C\8 + C 2 (p) )||(w,0)||^2( T np 
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for positive constants C\,C^. By standard interpolation inequalities on H m ( T ?t x ), 

lie n - T<®) k K p $II < + C.WK^Wm-^n-^ 

< (C 3 8 + C 4 (P) _ 1 )C' 5 ||(W, 0 )||^ 2 (T n ) . 

For this, one should consider the cases 0 < v < 1/2, v = 1/2, and 1/2 < v < 1 
separately, but they all yield the same type of the estimate. Similarly, 

II (C — (7® )K p u\\ H 2 -i±(jn-i') < (Cg(5 + C 7 ( p) )Ilnllirs+^T™- 1 )- 

These inequalities imply that the operator norm of 

(u,4>,u) 1 —» — &^)(K p u, K p u) 

can be made arbitrarily small by choosing 5 > 0 small and p > 0 large. Since is 
invertible with domain 'H 2 ( T”) x H 2+z ( T"” 1 ), it follows that the operator on the left 
hand side of (4.15) is invertible for 6 small and p large. 

On the other hand, the map 

{&> - ^ (0) )((1 - K p )(u,q i>), (1 - K p )u) 

is bounded 'H 1 ( T") x i7 1+ -(T n_1 ) —» Ff°(T”) x H 2 ~^( T" -1 ). In particular, (u,f,u) G 
"H 2 (T") x H 2+z( - T1 \ and the estimate (4.14) holds. Of course this also implies that 
(4.14) holds for arbitrary (u,<f),u) G "H 2 (T") x H 2+r ( T” -1 ) as well. The exact same 
argument establishes the regularity result for s = 0, as well (4.14) for s = 0,1. 

(2) As usual, the case v > 1 can be handled by a simpler argument not involving 
the boundary operators. 

□ 


Lemma 4.12 can be semi-globalized via a partition of unity argument. 

Corollary 2. Assume that P and & are elliptic at dX. There exists 5 > 0 such that 
tfTiX £ C£°([0, <5)) satisfy Lp = 1 near x = 0 and x = 1 near supp p, then the following 
hold. 

(1) Let 0 < v < 1 and s = 0,1, 2. Then 

\\t( u , n) ll'H s (T^)xR' s +2:(T TI_1 ) — ^(WP^ 0> ll) ll'H s - 2 (T^)xR s_ ii(T n - 1 ) 

+ llx( M ) 0) H.) ll'Hs-i(T^)xR s - 1 +i(T n - 1 ))’ (4.16) 

for each (u,(f>,u) G FC(T”) x TL s+z (T n ~ 1 ). In addition, if s = 0,1 and 
ip&{u,fau) G U s ~\T n + ) x U S ~L+ ^T”" 1 ), 
then ip{u,f,u) G 7/ s+1 (T/) x H s+Z+1 ( T 1 ’ 1 ). 
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(2) Let v > 1 and s = 0,1, 2. Then 

ll^ll^Crp < C(\\tpPu\\ H s-2(jnj + ||x M ll'H s - 1 (T!f:))) (4-17) 

for each u G "H S (T”). /n addition, if s = 0,1 and pPu G 'H S-1 (T"), then 
G ?C +1 ( T +)- 

Sketch of proof for 0 < u < 1. By compactness of T n ~ 1 it is possible to choose S and 
a finite cover T n_1 = (J i Ui such that Lemma 4.12 is valid for (u,f>,u) supported in 
[0,5) x U t . Fix a partition of unity fa subordinate to Ui , and choose 7 j supported in 
Ui that 7 i = 1 on supp fa. For p, y as in the statement of the corollary, 

11^(11, 0 , U) ||^s(T^)xR' s +l(T rl - 1 ) — ^lll T ^{ U 1 0 , U ) 

w s (T™)xir 3_ 'i( Tri b 

i 

+ C011 f {u , 0 , w) 11 1 (T" ) x H s ~ !+i(T"- 1 ) ■ 

Writing Pifap, the commutator , fap] is given by 

0 , 0 , m ) (P(piU,faf) - <piP(u,<j>), [G,fa\fi+ [C,fa\u). 

It is then straightforward to check that this operator has the requisite mapping prop¬ 
erties. The regularity statement is established in the same way. □ 

Remark. As usual, the norms of the lower order terms on the right hand sides of (4.16), 
(4.17) can be taken in less regular Sobolev spaces by iterating Corollary 2. Similarly, 
the regularity result can also be iterated. 

4.9. Elliptic Bessel operators on a compact manifold with boundary. The 

main theorem in this section establishes elliptic estimates and elliptic regularity for 
elliptic Bessel operators on a compact manifold with boundary X. 

Theorem 1 . Let X be a compact manifold with boundary as in Section 1.2. Assume 
that P G BesSy(X) is elliptic at dX in the sense of Section l.f. If 0 < v < 1, then 
assume P is augmented by boundary conditions ( T,C ) such that = {P,T,C} is 
elliptic at dX. There exists 0 < S < £ such that if p,x £ C£°({0 < x < 5}) satisfy 
<p = 1 near dX and y = 1 near supp p, then the following hold. 

(1) Let 0 < v < 1 and s = 0,1,2. Then 

\\p(u,fau)\\jl s (x)xH s +T(dX) — Cdlp&iu, 0, u)\\-u s - 2 (X)xH s -H(dX) 

+ ||x( w j 0; Vl) H'Hs-i(V)xR s - 1 +i(aV'))’ 

for each (w,0,w) G TL S (X) x TL s+z (dX). In addition, if s = 0,1 and 
<p&{u,<f>,u) g n s -\x) x n s ~L+\dX), 


(4.18) 
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then (p(u,&u) G n s+1 (X) x H s+ ^ +1 (dX). 

(2) Let v > 1 and s = 0,1, 2. Then 

\\<pu\\w(x) < C(\\(pPu\\ H s- 2 ( X) + ||x«||w-i(jo)> 

for each u G TL S (X). In addition, if s = 0,1 and tpPu G 'H S ~ 1 (A"), f/ien 
q>u g U S+1 (X). 

Proof. The global problem may be reduced to a local problem on T" via coordinate 
charts and a partition of unity. Indeed, cover the collar neighborhood W by finitely 
many coordinate charts (U t , iff) of the form 

Ui = V»([0, e) x Yf), if t = (1 x Of) o (jr 1 , 

where (Y[, Of) is a coordinate chart on dX. Choose a partition of unity subordinate 
to Y t and a function a G C£°(0 < x < e) such that a = 1 near {0 < x < 5}. Then set 
Xi = oifti and apply the results of Corollary 2 to each element 

(bi«) ° W 1 . (M ° e.- 1 , (ft«) o A 1 ) e «'(U) x 

Again there will be various commutator terms which give only lower order contribu¬ 
tions, as in Corollary 2. □ 

As in the remark following Corollary 2, the error terms in Theorem 1 can taken in 
weaker Sobolev spaces by iteration. 

Recall the definition of 'Hp(X) in Section 3.11. Theorem 1 can be used to show 
that 'Hp(X) (or equivalently TL S (X)) may be identified with the space of all pairs 
(u, f ) G TL S {X) x TL S - 2 (X) such that Pu = f in the weak sense, see also [50, Chapter 
6.1]. 

Lemma 4.13. Let 0 < v < 1, and suppose that P is elliptic at dX. Then for s = 
0,1,2, 

n s p{X) = {(«, /) G n s (X) x U S ~ 2 {X) ■. Pu = / weakly }, 
where the space on the right hand side is equipped with the TL S P (X) norm. 

Proof. As in the remark following Lemma 3.23, TL S P (X) is contained in the space on the 
right hand side. For the converse, suppose that u G TL S (X) and / = Pu G TL S ~ 2 (X) 
weakly. Similar to the proof of Lemma 3.23, consider the functional 

m = (n,P*v) x - (f,v) x , ± G C°°(dX) x C°°(dX) 

where v is any member of P V (X) such that 'yv = if. Since Pu = f weakly, £ is well 
defined (namely it does not depend on the choice of v). In particular, one may take 
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v = where K, is a bounded right inverse mapping C°°(dX ) x C°°(<9X) — > P U (X). 

Thus 

< C , i||«||«j, ( x)(||/C(^)|| W 2-.( A - ) + ||V>||tf2- s - il ( aX )) < C 2 ||'u||^(x)||^||H 2 - 3 -‘i(9N) 

By Hahn-Banach and the Riesz theorem, there exists a unique (j) G H s ~-(dX) such 
that 

{u,P*v) x - (f,v) x = {J±iiy) ax . 

for each v G P U (X). Consider the pair (u, 0); a priori this is an element of P°(X). On 
the other hand, for each v G F V {X), 

(P(u,<j>),v) x = ( u,P*v) x + {&Jjy) dx 

= (f,v) x , 

so P(u,4>) = /• Since / G P S ~ 2 {X) and G H s ~ 1+u (dX), Theorem 1 implies 
that (tqt/O ^ P S (X) since the the boundary value problem {P, y_} is elliptic at dX. 
According to Lemma 3.23, this means that the pair (u, /) can be identified with an 
element of 'Hp(X). □ 

Suppose that P is elliptic at dX and let s = 0,1. If u G P S (X) and Pu G P Q (X) in 
distributions, then there is a canonical / G 'H S ~ 2 (X) such that Pu = f weakly, namely 
the element Pu G P Q (X) P S ~ 2 (X) itself. According to Lemma 4.13, to this choice 
of / there is a uniquely associated 0 G 'H s ~-(dX ) such that P(u,(f >) = Pu and the 
norm \\(u, 4>)\\p s ^ X ) is equivalent to \\u\\'us{ X ) + \\Pu\\'u' 2 -‘>{ X )- Adding ||Pm||^o(x) to both 
of these norms shows that the spaces 

{u G n s (X) : Pu G n°(X)} and {(u,$) G P S (X) : P{u,£) G n°(X)} 

coincide, with an equivalence between the natural graph norms. This will be exploited 
in Section 5.1. 

4.10. Parameter-elliptic boundary value problems. This section concerns ellip¬ 
tic estimates for parameter-dependent Bessel operators. The exposition is deliberately 
brief, since most of the definitions and facts in this section are straightforward adap¬ 
tations from the non-parameter-dependent setting. In particular the main theorem of 
this section, Theorem 2, is stated without proof. The interested reader is referred to 
[50, Chap. 9] for an indication of how the proofs should be modified in the parameter- 
dependent setting. 

Fix a compact manifold with boundary X with the usual data of a boimdary defining 
function and collar diffeomorphism. Let P(A) G Bessy) (X) be a parameter-dependent 
Bessel operator; if 0 < v < 1, then P( A) is augmented by boundary conditions as in 
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Section 4.2. The boundary conditions themselves may depend on the spectral param¬ 
eter A, namely one considers (T(A),C(A)) where 

T k ( A) = T ± (A) 7± , T_(A) G Diff[ A) (dX), T + (A) G Diff°(<9X). 

and Ckj G Diff* A )(<9AT). It is necessary to formulate a parameter-dependent Lopatinskii 
condition for (T(A), C(A)). Suppose that y G {1 — v, 2 — is, 1 + z/} and ord^(T(A)) < /i. 
Here the order of T with respect to ^ is defined in the parameter-dependent sense, 
namely factors of A are given the same weight as a derivative tangent to dX. Define 
the family of operators 

w> = +dA-A r+ wh+, 

indexed by (y,rj, A) G T*dX x C. Thus each (y,rj,X) G T*dX x C gives rise to a 
one-dimensional boundary operator T^^-X). 

Next, choose Ckj G Z such that 

ord (A) (C fcj (A)) < c k ,j < tj + /i fc , 
and then define the matrix C( y ,rj) with entries 

(.C(v,rr,v)kj = A). 

Again the order of Ck,j( A) is taken in the parameter-dependent sense. 

Definition 13. Suppose that P( A) is parameter-elliptic on dX with respect to an an¬ 
gular sector A. The boundary operators (T(A), C(A)) are said to satisfy the parameter- 
dependent Lopatinskii condition with respect to P and A if for each p G dX and 
(r), A) G T*dX x A \ 0, the only element (u,u) G A4 + (p, 77 , A) x C J satisfying 

is the trivial solution (u,u) = 0. The operator A) = (P(A), T(A), C(A)}, is said 
to be parameter elliptic if P(A) is parameter-elliptic and (T(A),C(A)) satisfy the 
parameter-dependent Lopatinskii condition on dX with respect to P(A) and A. 

Example. If P(A) is parameter-elliptic in an angular sector A and T is a A-independent 
boundary condition satisfying the Lopatinskii condition, then {P(A), T} is parameter- 
elliptic with respect to A. 

Example. If 1/2 < v < 1, then any boundary condition of the form T = 7 + +T~(A) 7 _, 
where T~( A) G Diffj^cLA), satisfies the parameter-dependent Lopatinskii condition 
with respect to any angular sector. 

In the notation of Theorem 1, the main theorem of this section is the following. As 
remarked in the introduction to this section, it is provided without proof. 
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Theorem 2. Let X be a compact manifold with boundary as in Section 1.2. Assume 
that P(X) G Bess)^(X) is parameter-elliptic at dX with respect to an angular sector A 
in the sense of Section 1.5. If 0 < u < 1, then assume P( A) is augmented by parameter- 
dependent boundary conditions (T(A),C(A)) such that LP(X) = {P(A), T(A), C(A)} is 
elliptic with respect to A. There exists 0 < 5 < e such that if G C“({0 < x < 5}) 
satisfy ip = 1 near dX and x = 1 near supp p, then the following hold. 

(1) Let 0 < v < 1 and s = 0,1,2. Then 

III 4h 'Ll) III W(X)xH s +LL(dX) — ^ ( u i & Ll) III H s - 2 (X)xH s -!±(dX) 

+ IIIa( m 5 0; u) (4.19) 

for each (u,(f>,u) G Li s (X) x TL s+z (dX) and A G A. 

(2) Let v > 1 and s = 0,1, 2. Then 

III^ m IIIh s PO < C(\\\pP(X)u\\\ ns - 2 {x) + II| / y m IIIr s - 1 (a'))) (4.20) 

for each u G TL S (X) and A G A. 

4.11. Conormal regularity. So far only regularity at the TL 2 level has been discussed. 
Higher order regularity is defined in terms of a scale of conormal Sobolev spaces relative 
to TL S . Let X be a compact manifold with boundary with a fixed boundary defining 
function x and collar neighborhood W. Then let X even denote the manifold X equipped 
with a new smooth structure: on the collar W ~ [0,e) x x dX , functions are smooth if 
in the normal direction they depend on x 2 (rather than just x). 

Define the Lie algebra Vb(JA eve n) of smooth vector fields on JA even which are tangent 
to dX. In local coordinates x, t/i,..., y n -\ on the collar, elements of 14(dfeven) are 
C ,00 (X eV en) linear combinations of xd x and d yi . 

Lemma 4.14. If P G BesSy(X) and V G Vf,(X everi ) satisfies Vx = x + 0(x 3 ), then 
[P,V] G Bessy (X). 

Proof. The hypothesis implies that in local coordinates, 

V(x, y) = a{x 2 , y)xd x + P(x 2 , y)d Vi 
where a(0,y) = 1. Note that 

[\d„\ 2 ,xd x ] = -2\d„\ 2 , [d v ,xd x \ = -d v . 

Also from (3.10), if a G C' 00 (X even ), then 

[|9y| 2 , a] = axd v + a 

for a, a G C'°°(X even ), as well as [xd u ,a\ G (^“(Xeven). The result follows immediately 
from these observations. □ 
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Given k E N and s = 0,1, 2, the space T-L s ' k (X ) is defined as 

U s ' k {X) = {u E W{X) : Gi • • • V k u E W{X) for any V u ... ,V k E H(X even )}. 

Fixing a finite generating set Y for Vf,(Ah> ve n), this space can be given the topology of 
a Hilbert space by inductively defining the norms 

IMIw’Apf) = ll^" M ll 'H s ' k ~ 1 {X)- 

uer 

A different choice of generating set yields an equivalent norm. Note that over any 
compact K C X, there is an equivalence between functions in 'H s,k (X) and H s+k (X ) 
which are supported on K. In addition, all of the density results which hold for 1-L S (X ) 
also hold for T-i s,k {X). 

Remark. If s = 0,1, then in fact 

H s,k (X) = {uE U S (X) : Hi • • • V k u E U S (X) for any V u ...,V k E V b (X)}. 

Thus only 'H 2,k (X) necessitates the introduction of a new smooth structure on X. 
Lemma 4.15. Let P E Bess„(A") and k E N. 

(1) Ifv> 0, then P : U 2 ' k {X) -> H°’ k (X) is bounded. 

(2) If 0 < v < 1 and T is a boundary operator such that ord„(T) < n, then 
T : U 2 ' k (X) -E H k+2 ~^(dX) is bounded. 

Proof. (1) Any V E V;,(Xeven) can be written as V = a.V \, where a E C°°(X even ) and 
V\X = x + 0(x 3 ). The result can now be deduced from Lemma 4.14. 

(2) Given a vector field Z on dX, there exists V E Vf ) (X even ) such that V\qx = Z. 
Then Z{pf±u) = 7 ±{Vu) for each u E 'H 2,k (X ); this is certainly true on T U (X) and 
extends by density. □ 

Fix a generating set Y = {Vq, Vi,..., Vn} for Vb(hF e ven) as follows: set V 0 = xd x , 
and then choose a collection of vector fields Vi,..., V ^ on dX which span TdX. Then 
Vo,..., Viv ma y be considered as vector fields on [0, e) x x dX , hence on W. Note that 
the flow of V 0 is given by exp(hV 0 )(x, y) = (e h x,y), where (x,y) E [0,£) x x dX. Given 
V eY, let 

PyU — (u o exp(hV) — u)/h 
denote the associated difference quotient. 

Suppose that u E 'H 2,k (X) is supported in {0 < x < A}, where 0 < 8 < e. Observe 
that there exists ho > 0 depending on 5 such that py Q u is well defined for 0 < h 0 < h; 
the difference quotients corresponding to V\,, Vn are defined for all h. The first 
step is to calculate the commutator of P with py Q ; this is illustrated for [\D^\ 2 , py Q ]. 
First note that 


[dx, Qv 0 \ u = h l i eh ~ l )i.d x u) o exp(hVo). 
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A short calculation gives 

[ \D U \ 2 , Qy 0 ]u = h _1 (l - e 2h )(\D u \ 2 u) O exp(hVo), 

which shows that 

\\[\D U \ 2 , Qy 0 ] u \\ U 0,k(X) < C'||w||- H 2 ,fc(X) 

for 0 < h 0 < h, where C > 0 does not depend on u or h. Continuing this calculation 
shows that \\[P, Qy]u\\ n o,k( X ) A C\\u\\ H 2 ,k^ for any V G X. As for the boundary 
operators, one has 

7 _{u o exp (h Vo)) = 7_w, 7+(« ° exp (h Vo)) = e ( 1 / 2+1/ ) s 7 +W) 
so 7 _ o Oy o = 0 and 7 + o Oy Q = [eS l ^ 2+v ' s — 1)7 + u. Similarly, 

II [T, £?yJ M ||// fe + 2 -M(dx) < C\\ u \\-H 2 ’ k (X) 

for i — 1,..., N, uniformly in h. 

Theorem 3. Let X be a compact manifold with boundary as in Section 1.2. Assume 
that P G BesSy(X) is elliptic at dX in the sense of Section l.f. If 0 < v < 1, then 
assume P is augmented by a boundary condition T such that 8? = {P, T} is elliptic at 
dX. There exists 0 < 5 < £ such that if<p,x £ C^°({C) < x < 5}) satisfy (p — 1 near 
dX and x — 1 near supp <p, then the following hold. 

(1) Let 0 < v < 1. If xu G U 2 (X) and X Pu G H°’ k (X), Tu G H k+2 ~^dX) for 
some k gN, then <pu G Fi 2,k {X). Furthermore, 

\\T u \\n 2 ’ k (x) < C (\\x^ > u\\- H o,k xH k+ 2 -^^ dX ) + || / \'u||^o(x)) , 

where C > 0 does not depend on u. 

(2) Let v > 1. If xu G FL 2 (X) and X Pu G FL°’ k (X) for some k G N, then <pu G 
P 2,k (X). Furthermore, 

II (pu\\ H 2 ,k(x) < C (\\ X Pu\\ H o,k + \\xu\\ H °(x)) , 

where C > 0 does not depend on u. 

Proof. The proof is by induction; the case k — 0 is Theorem 1. Suppose that the result 
holds for fcGN; combined with the calculations preceeding the theorem, this gives that 
Qyipu G FL 2,k (X ), V G y is well defined and uniformly bounded for h sufficiently small. 
Standard functional analysis (extracting a weakly convergent subsequence, etc.) proves 
that Vipu G FL 2,k {X) for every V G Y, with a corresponding estimate. This allows one 
to conclude the result for k + 1 . □ 
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4.12. Asymptotic expansions. Using Mellin transform techniques, it is straightfor¬ 
ward to give asymptotic expansions for solutions of certain Bessel equations. This 
section is a special case of far more general expansions; see [45, Section 7] for exam¬ 
ple. The approach taken here is essentially the same as [55, Lemma 4.13]. The space 
C°°(X) refers to smooth functions on X which vanish to infinite order at dX. 

Lemma 4.16 ([55, Lemma 4.13]). Suppose that P G BesSj,(X) for u > 0, and g± G 
C°°(dX). Then there existv± such that P(x 1 ^ 2+l/ v + +x 1 ^ 2 ~ l 'v-) G C°°(X) andv±\gx = 
g± with the following properties. 

(1) If 2u ^ {3, 5, 7,...}, then v± G C°°(X). In addition v± — g± G x 2 C°°(X). 

(2) If 2u G {3, 5, 7,...}, then v + G C°°(X) and 

v_ G C°°(X) +x 2v {\ogx)C°°(X)i 
where aj G C°°(dX). 

Suppose that P G Bess I/ (A") is elliptic at dX. Write P in the form 

P = \D U \ 2 — E 

near dX, where E G Diff^(A) and Diff™(A) are the operators of order at most m 
generated by vector fields in V{,(A"). If 0 < v < 1, then also fix a boundary condition 
T such that {P, T} is elliptic at dX. The equation Pu = f can be expressed as 

\D u \ 2 u = x 2 (Eu + f) (4.21) 

Formally, the Mellin transform of the left hand side of (4.21) is 

(s + 1/2 — v)(s + 1/2 + u)Mu(s, •), s G C. 

Now suppose that u G H () (X) and / G C'°°(A). Also suppose that Tu G C°°(dX) 
when 0 < u < 1. If u is supported sufficiently close to dX , then u G TL 2 ' k (X) by 
Theorem 3 for any k E Z. In that case, the left hand side of (4.21) is square integrable 
with respect to the measure d(Ims) along the line {Res = 1/2}. Furthermore, since 
u G TL 2 ' k (X) C 'H°' k (X) and E G Diff^(A), the right hand side of (4.21) is an element 
of x 2 n°(X). Define 7U’°°(A) = n fe > 0 % s ’ fe (X). 

Proposition 4.17. Suppose that P and {P,T} are elliptic at dX. If u G "H 0 ( A) and 

Pu G C°°(X), Tu G C°°(dX), 

then the following hold. 

(1) Let 0 < v < 1. Then there exist u± G C°°(X) such that 

u = x 1 ^ 2+u u + + x l l 2 ~ u u_. 

In addition u± — g± G x 2 C°°(X), where g- = 7 -U and 2 vg + = r ) + u. 
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(2) Let v > 1. If 2v £ {3, 5, 7,...}, then there exists u± G C°°(X) such that 

u = x 1 ^ 2+u u + + 

where w_ G x k C°°(X ) for some k G N satisfying k > v — 1. 7/2z/ G {3, 5, 7,...}, 
i/ien i/ie same statement holds but with w_ G x k C°°(X ) + x 2l/ (logx)C' 00 (X). 

Proof. For a more details, again see [55, Lemma 4.13]. By cutting off u (which does 
not affect the condition Pu G C°°(X)), it may be assumed that u is supported near 
dX, hence a function on (0,e) x dX. Let 

h = Eu + f eU\( 0,e) xdX). 

Write l u {s) = (s + 1/2 + v)(s + 1/2 — u) and then take the Mellin transform to yield 

Mu(s, •) = l v (s)~ l Mh(s + 2, •). 

First suppose that 2v is not an integer, so the roots of l v (s) are simple. Since Mh(s + 
2, •) is holomorphic for Res > 1/2, this provides a meromorphic extension of Mu(s, •) 
from {Res > 1/2} to {Res > —3/2} with simple poles at the roots of l u (s) in the 
strip {—3/2 < Res < 1/2}. Since u G Pi 0,oo {X) the residues are smooth functions on 

ox. 

Now take the inverse Mellin transform by deforming the contour to any line {Re s = 
—3/2 + e}. Note that Mu(s , •) has two poles in {—3/2 < Res < 1/2} if 0 < v < 1, 
and no poles in this region if v > 1. In the former case, 

u = x 1 ^ 2+u g + + x l ^ 2 ~ u g- + Mi 

for g± G C°°(dX ) and u x G x‘ 2 PL 0,oo (X ) D PL 2 ’°°(X), while in the latter case u G 
x 2 H 0,oo (X) D PC 2 '°°(X). In the first case, choose v± as in Lemma 4.16, where v± = 
g± + x 2 C°°(X). Thus 

u - x 1/2 ~ v v+ - x l/2+u V- G x 2 'H 0,oo (X) n H 2 ’°°(X) 

and P{u — x 1 / 2+u v + — x 1 / 2 ~ u V-) G C' 0O (A"). Applying the same argument gives the 
next terms in the expansion, which come from the poles at s = — 5/2 ±zx This may be 
continued indefinitely, but note that after this second step there may appear powers 
of the form x r+1 ^ 2±u (for r > 2) rather than just x 2r+1 ^ 2±v (unless additional evenness 
assumptions are made on E). A similar argument applies in the second case, where 
Mu(s, •) is first continued further to left until an indicial root is crossed. When 2v is 
an integer, one picks up a logarithmic factor when taking the inverse Mellin transform, 
corresponding to a pole of multiplicity two. □ 
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5. The Fredholm alternative and unique solvability 


5.1. Global assumptions. Let X denote a compact manifold with boundary as in 
Section 1.2. Consider a pseudodifferential operator P G T 2 (A) of the form P = P\+P 2 , 
where 

Pi G Bess„(A), P 2 G ^comp(^) 

Assume that P\ is elliptic at dX in the sense of Section 1.4. Furthermore, if 0 < v < 1, 
fix a scalar boundary condition T with ord„(T) < /i; this is just for simplicity, whereas 
matrix boundary conditions arise in the adjoint problem. Assume that & = {P, T} 
is elliptic at dX as well. Since P 2 has a compactly supported Schwartz kernel, this is 
just a statement about the operator {P^T}. 

Without any assumptions on the behavior of P away from dX, there is no reason 
to expect that P or & are Fredholm. This section outlines some additional global 
assumptions which guarantee a Fredholm problem. The simplest of these assumptions 
is that P is everywhere elliptic (in the standard sense) on X , but in view of applications 
to general relativity, this is overly restrictive. Indeed, operators which arise in the study 
of quasinormal modes on black holes spacetimes have the property that their ellipticity 
degenerates at the event horizon. Moreover, rotating Kerr-AdS black holes contain an 
ergoregion, so that the corresponding operator is not everywhere elliptic even in the 
black hole exterior. 

The global assumptions on P presented next are motivated by recent work of Vasy 
[54], which applies to the setting of rotating black holes. More generally, these assump¬ 
tions are typical for situations where coercive estimates are proved via propagation 
results. 


Given v > 0, define the space 

_ {{u G n l {X) : Pu g n°(X), Tu G H 2 ~»(dX)} if 0 < 1/ < 1, 

" \{u e U\X) : Pu g n°(x)} if 1/ > 1 

where Pu is taken as a distribution on A". That Tu is well defined follows from Lemma 
4.13. Equip y with the norm 


\ u \\y = 


MlwipO + ||-Pw||ftO(x) + \\Tu\\ H ^-^{ax) if 0 < v < 1 
Ml?ppr) + \\P u \\n°{x) if z/ > 1. 

According to the discussion following Lemma 4.13, the space y is equivalent to 

{(w, 0) G H\X) : 0>{u, 0) G n°(X) x H 2 ~^(dX)} (5.1) 


for 0 < v < 1 when the latter space is equipped with the norm 
II ^(u, 0) \\-H°(X)y.H 2 -»(dX)- 


(U, 


11-H 1 QO 


+ 


Lemma 5.1. The space y has the following properties. 
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(1) y is complete. 

(2) P V (X) is dense in y 

(3) I/O < v < l, then & : y -A H°(X) x H 2 ~^(dX) is bounded. 

(4) If v >1, then P : y —>• 7i°{X) is bounded. 

(5) If ( G Cy(X) and K = suppC, then for each m < 1 the map y —> H^(X) 
given by u i—>■ (u is compact. 

Proof. (1) For 0 < u < 1, use the alternative description (5.1) of y-. suppose that 
(u n , (ft n ) G y is a Cauchy sequence. This implies that there exists 

(w,0) G U\} 0, (w,w) G H°(X) x H^^dX) 

such that 

(«nA) ->■ (u,f) ill ii L (X), ^(u n ,Un) ->• (w,w) in 7i°{X) X H 2 ~^(dX). 

Certainly (u n ,4> n ) —> (u,(p) in 7i l {X ), and then by continuity ^(w n ,0 n ) —>• &(u,(j)) 
in x H 1 ~ fl (dX). This implies that ^(w,</>) = (w,w) since the natural map 

7i°(X) x H 2 ~ ft (dX) -A H~ 1 (X) x H^idX), 

is injective. Thus y is complete. A simpler proof works when v > 1. 

(2) Again assume that 0 < z/ < 1. Fix a cutoff y such that y = 1 in a neighborhood of 
<9X. If y is supported sufficiently close to dX, then yu G Ti 2 (X) by Theorem 1. Thus 
there is certainly a sequence u n G P V {X) such that u n —> yu in 77} {X ) and Pm„ —>■ Pyu 
in 71°(X), along with Tu n —>■ Tu. If (p — 1 near <9X and y = 1 near supp<^, then also 

—> (pu and ipPu n —> ipPu. This also implies that P(ipu n ) —> P(<pu) since 

[P, <p]u n —>■ [P, 99 ]u = [P, v?]m 

in 7-1°(X) by continuity. On the other hand, the same reasoning above combined 
with the mollification argument in [54, Section 2.6] shows the existence of a sequence 
v n G C°°(X) such that (l — ip)v n —> (l — ip)u in 7i 1 {X) and P((l — <p)v n ) —> P((l — (p)u) 
in Ti°(X). It then suffices to take the sequence ipu n +{l —<p)v n G T V (X) which converges 
to u in y. 

(3) The boundedness ofiuG Pu as a map y —> 7i {) (X) holds by construction of 3k 
As in the previous part, yu G 7I 2 (X) so T : y —* P 2 ~ M (cLA) is also bounded. This 
establishes the boundedness of fX — {P, T}. 

(4) See (3) above. 

(5) The map u —> (u is bounded 7i 1 (X) —* H} ( (X), which embeds compactly in 
H%(X). 

□ 
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Typically, one constructs a partition of unity of the form 

N 

i = tp + ''y Ai + r , 

i— 1 

where Ai £ T° omp (A"), R £ $““ p (T) are pseudodifferential operators with compactly 
supported Schwartz kernels, and 99 £ C°°(X) satisfies p = 1 near <9X. Under various 
hypotheses on P (now considered as an element of T 2 (X)), it is often the case that 
there exists B i} Xi £ \l/° omp (X) such that 

||Am||//i(x) < C\\BiPu\\ mx) + ||A^'u||#-m(x), m < 1 (5.2) 

for each u £ C°°(X). Since the operators B i: X t and R have compactly supported 
Schwartz kernels, it is possible to combine (5.2) with the results of Theorem 1 to 
conclude the following type of a priori estimate: if 0 < v < 1, then 

IMI?UpO < C (11 PAu 11 yo (x) x h 2 -^(X) + IMI«°P0 + \\x u \\h™(x)) (APO) 

for each u £ P U (X), while if v > 1 then 

IMItUPO < C (||Pw||m°(V) + ||-u|| w o( X ) + ||x«||ifm(x)) (API) 

for each u £ P V {X). Since T V {X) is dense in y, the estimate (APO) implies 
\\u\\y < C (\\0 > u\\' H O( X )xH 2 -h(x) + |M|h°PO + \\x u \\h™(x)) 

for each u £ y, and similarly for (API), ft is standard that (APO), (API) imply 
PA : y —» R°{X) x H 2 ~ ll (dX ) and P : y —> R a {X) have hnite dimensional kernels 
provided m < 1 — see Lemma 5.4. 

Suppose that 0 < zz < 1. In order to prove that & has hnite dimensional cokernel, 
it is necessary to introduce spaces associated with the formal adjoint PA* and Hilbert 
space adjoint PA'. Fix a density /1 on X of product type near dX. A priori, P^* is 
bounded 

H°(X) x H»~ 2 (dX) -> U~ 2 {X) x H^~ 2 (dX). 

Recall that if (/,<?) = £A*(v,ip,v), then 

(u, f) x + (™, 9_) gx = ( Pu > u >x + + (Gw, T)ax , (5.3) 

where the dualities on X and dX are induced by n and pax- Now dehne the space 
X = {(v,±,v) £ H°(X) x H^- 2 (dX) : £ U~\X) x H^~\dX)}. 

The corresponding space for v > 1 is defined to be 

Z = {u £ P°(X) : Pu £ TT^X)}. 

The spaces X and Z have properties similar to those in Lemma 5.1. I 11 particular, the 
set of all (Vj'yVjV) such that v £ T U (X) and v £ C°°{dX) is dense in X. Similarly, 
T y (X ) is dense in Z for zz > 1. 
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The analogue of (APO), (API) is formulated next for the adjoint problems. First 
suppose that 0 < v < 1. The a priori estimate is 

\\(v,jy,v)\\ n o(x)xHi*- 2 (dx) < C'(||^ ! *(w,ff)||'H- 1 (x)xR^- 1 (ax) 

+ II(a V. ) \\'ft-i(x)xH> j -- 3 (dx) \\x v ll-ff m (x)) (APO*) 

for each (v,v) G P U (X) x C°°(dX). By density this implies the same estimate for 
(v, i/j, v) G X. When v > 1 the estimate is 

IM|-H°(X) < C(\\P*v\\n-i(x) + II^H-H-i(A') + ||x^||if m (X) (API*) 

for each v G F V (X). For (APO*), (API*) to be useful, one should require m < 0. 

Remark. As with the direct problem, it is frequently possible to combine the local 
estimates of Theorem 1 with interior estimates via a pseudodifferential partition of 
unity to show that the adjoint estimates (APO*), (API*) hold. 

When 0 < v < 1, the formally adjoint operator 8P* should be compared with the 
Hilbert space adjoint 

: n°(x) x H^~ 2 (dx) -a u 2 (xy, 

defined by 

((■u,0), @ > \v,v)) x = ( Pu,v) x + (Tu,v) dx . 

Recall that the inclusion of "H 2 (X) ^A is dense. Consequently 'H 1 (X)' may be 

identified with a dense subspace of H 2 (X)', where this identification is induced by the 
//-inner product. In order to describe 'H 1 (X) / , note that that there is an isomorphism 

$: n l {x) -a y}{x) x H~ u (dx) 

given by $(«,</>) = («,</>+); the inverse of $ is < F _1 (u, 0+) = (u,7_u, </>+)• Thus for 
each a G / H 1 {X)' there exist unique / G Ff _1 (A), g+ G H u (dX) such that 

«(«> 0) = (/, «>x + (9+, 0+)ax • 

Furthermore, note that if g_ G H~ u (dX ), then the functional given by u ha- (//_ , 7 ~u) dx 
is an element of T-L l {X)'. Thus it may be represented in the form u ha- ( f_,u) x for a 
unique /_ G 7i~ 1 (X). The next lemma summarizes this discussion. 

Lemma 5.2. Each a G P}{X)' admits a representation 

«(«, 0) = (/, u) x + (0, 0) ax , (5.4) 

where f G 'H~ 1 (X) and g G i7- _1 (<9X). Furthermore, IMI^qxy equivalent to the 
norm 

inf {||/ll K-px) + IMIf^-pax)}, 

where the infimum is taken over all f,g such that (5.4) holds. 
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Now define Z = {(v, v) G U°(X) x H^~ 2 (dX) : G H^X)'}. 

Lemma 5.3. Suppose that (APO*) holds. Then 

\\{v,v)\\H°(x)xm-*(dx) < C'(||^'(n,n)||^ 1(x)/ 

+ W(v,v)\\' H -i(x)xHv-3(dX) + ||\ / P||_H' m (X)) (APO’) 

for each (v,v) G Z. 

Proof. Since LP'(v,v) G 'H 1 {X)\ there exists / G TL~ l (X) and g G H-~ 1 (dX) such 
that the action of SP'(v,v) on (u,cf) G TL l (X) is given by 

(u, 0) ha (/, u) x + (g, ff) dx . (5.5) 

Now let if = JG*v — Jg , so that Jif + G*v = g. Furthermore, note that if G H~-(dX ), 
so (v, if) may be considered as an element of TL°(X). Referring back to (5.3), it follows 
that &*(u,if,y) = (/, g). This shows that ( u,if,v ) G A, so 

\\( v ,V)\\n 0 (X)xH^- 2 (dX) < C'(||/|| W -i(x) + \\g\\H"-'(dX) 

+ ||(' y )ff)||H- 1 (x)xi?' i - 3 (ax) + ||x w IU m (v)) 

by (APO*). In the last line, this used the fact that 

||0|| H-^-^ax) < C(\\v\\ H h-3 + \\g\\H^.- 1 (dx))■ 

It now suffices to take the inhmum over all f,g satisfying (5.5), and then appeal to 
Lemma 5.2. □ 

5.2. The Fredholm property. In this section, the Fredholm property is established 
whenever (APO), (API), (API), (API*) hold. A complete proof is given for the more 
complicated case 0 < v < 1. 

Lemma 5.4. Let 0 < v < 1. 

(1) If (APO) holds with m < l, then the operator 

& :y -A H°(X) x H 2 ~^(dX) 

has a finite dimensional kernel. 

(2) If (APO*) holds with m < 0, then the operator 

: n°(X) x H»~ 2 (dX) —> n-\X) x H^~ 2 (dX) 


has a finite dimensional kernel 
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Proof. (1) This is immediate from the compactness of the inclusion y TL°(X) and 
the multiplication operator x '■ (V ~> i^™ ppx (X), combined with (APO). 

(2) Clearly the kernel of restricted to 'H°(X) x if M_2 ( dX) is equal to the ker¬ 
nel of restricted to Z. The result follows from the same type of compactness 
considerations as in (1), using (APO’). □ 

In light of Lemma 5.4, let /C denote the finite dimensional kernel of 
Lemma 5.5. Let 0 < v < 1, and assume that (APO’) holds. Suppose that 

0 h,k ) G n°(X) x H 2 ~^(dX) 

lies in the annihilator of K, via the duality between / H°(X) x H^~ 2 (dX) and "H°(A") x 
H 2 ~^{dX). Then there exists (u,4>) G PL l {X) such that u,q i) = (h,kf). 

Proof. This fact is more or less standard, but a complete proof is included for the 
readers convenience. 

(1) Fix a (closed) subspace V of TL°{X) x H^ 2 (dX) which is complementary to the 
finite-dimensional space /C C Z. Then there exists C' > 0 such that 

\\{v,v)\\ n o {X )xH»-2(dX) < C'\\^\v : v)\\pi 1{x) , (5.6) 

for each (y, v) G V fl Z. If this were not true, there would exist a sequence (v n , v n ) G 
V C\ Z such that 

|| (Vm ^ri) \\'H 0 (X)xHi J -- 2 (dX) 1) \\^ (^ni Vn) 11 -firi r XY ^ 0- 

By weak compactness of the PL°(X) x H^ 2 {dX)~ unit ball, it may be assumed that 
(v n ,v n ) is weakly convergent. Since V is closed, it follows that (v n ,v n ) —> (v,v) weakly 
for some (v,v) G V. Thus 

^'Ka) ->■ ^\v,v) 

weakly in "H 2 (A")'. This means = 0 since ^'{y n , v n ) —V 0 (in norm) in PL 1 (X)'. 

Thus (v,v) G V fl /C, which implies (v,v) = 0, since V complements the kernel. 

Now by compactness there exists a subsequence (v nj ,v nj ), such that x v n j is con¬ 
vergent in H™ ppx (X) and (v nj ,v nj ) is convergent in "H _1 (X) x H^^dX). Then 
(APO’) implies that (v nj ,v nj ) is Cauchy, hence convergent in "H°(X) x H ,x ~ 2 (dX). 
This limit must be (v,v), but that contradicts (v,v) = 0 since (v n ,v n ) has unit norm 
in TL°(X) x H^ 2 {dX). This completes the proof of 5.6. 

(2) Now suppose that (h, k ) G H°(X) x H 2 ~^{dX) is in the annihilator of /C. Define 
the antilinear functional i on the range of &'\z by the formula 

TPfviV) (h,v) x + {k,v)dx, 
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where (v,v) G Z. This is well defined, since if v,v ;) = 0 and (v,v) G Z, then 

(v,v) G JC, hence the right hand side vanishes. 

For each (v,v) G V D Z, one has by (5.6) 

(h,v) x + (k,y) ax < C (\\(h,k)\\ H o {X ) x m-^dx)) (^^iy^Wu^xy) ■ 

Since this is invariant under adding elements of JC, it is in fact true for (v,v) G Z. 
Thus i is bounded on the range of ZP'\?. 

Now extend I to an antilinear functional on by the Hahn—Banach theorem. 

Then there exists a unique G FL l (X) such that £(a) = and furthermore 

£(^'(v,v)) = (h,v) x + (k,v) gx 

whenever (v,v) G Z. 

The claim is that = ( h,k ). To see this, approximate in T-i l [X) by a 

sequence (u n ,(/) n ) G H 2 (X). Certainly £P(u n ,(j) n ) —> in 'H _1 (X) x H l ~^{dX). 

Furthermore, the pairing between (u n ,(f> n ) and is given by 

(Pu n ,v) ax + ( Bu n ,v ) dx . 

for each (v,v) G % 1 (X) x H^~\dX). Thus for (v,v) G T v x C°°(dX ) C U\X) x 
this converges to ( Pu , v) x + (Tu, v) dx - But on the other hand it converges 
to (h,v) x + (k,y) gx since T U (X) x C°°(dX) C Z as well. Thus £P(u,(j)) = (h,k), since 
PJX) x C°°{dX) is dense in U l (X) x H^dX) . ~ □ 

Theorem 4. Let v > 0 and P as in Section 5.1 be elliptic at dX. If 0 < v < 1, then 
let T denote a scalar boundary operator satisfying ord V {T) < p,, such that Z? = {P, T} 
is elliptic at dX. 

(1) Suppose that 0 < u < 1. If Z? satisfies (APO) with m < 1 and (APO*) with 
m < 0, then 

& : y -A H°(X) x H 2 ~^(dX) 

is Fredholm. 

(2) Suppose that v > 1. If P satisfies (API) with m < 1 and (API*) with m <0, 
then 

p-.y -> n°(x) 

is Fredholm. 

Proof. (1) Lemma 5.4 shows the kernel is finite dimensional. On the other hand, 
Lemma 5.5 shows that the equation LP(u,(j)) = ( h,k) has a solution G 'H 1 (X) 

for ( h,k) in a space of finite codimension in "H°(X) x i/ 2_M (X); clearly this (u,4>) can 
be identified with a unique element of y, namely u. 
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(2) When v > 1, there is a natural analogue of Lemma 5.5. Since the arguments are 
simpler when there is no boundary operator, the proofs are omitted. □ 

5.3. Unique solvability. In this section, again let X denote a compact manifold 
with boundary as in Section 1.2. This time, consider a pseudo differential operator 
P( A) G T 2, ( A) (X) of the form P( A) = Pi (A) + P2(A), where 

PiW e Bess^m, A( A) 6 

Assume that Pi (A) is parameter-elliptic at dX with respect to an angular sector A 
in the sense of Section 1.5. If 0 < v < 1, fix a scalar boundary condition T(A) with 
ord^(T(A)) < p, and assume that <$P(A) = {P(A),T(A)} is parameter-elliptic at dX 
with respect to A. It is also assumed that the ‘principal parts’ of P(A),T(A) do not 
depend on A, so the spaces y are independent of A. 

The parameter-dependent versions of (APO), (API), (APO*), (API*) are obtained 
by replacing the norms || • || with their uniform counterparts ||| • |||. and insisting that 
the estimates hold for all A G A. 

Theorem 5. Let v > 0 and P(A), A^(A), A be as above. Suppose that the parameter- 
dependent versions of (APO), (API), (APO*), (API*) hold. 

(1) Let 0 < v < 1. There exists R > 0 such that 

&{\): y —> n°(x) x H 2 ~»(dx) 

is an isomorphism for A G A satisfying |A| > R. 

(2) Let v > 1. Then there exists R > 0 such that 

p(A): y^n\x) 

is an isomorphism for A G A satisfying |A| > R. 

Proof. The parameter-dependent versions of (APO), (APO*) show that ^*(A) and 
A^(A)' respectively are injective on the appropriate spaces (for A G A with |A| suf¬ 
ficiently large). This implies that ^(A) is an isomorphism for |A| sufficiently large. 
Similar remarks hold for P when v > 1. □ 

6. Completeness of generalized eigenfunctions 

In this section, sufficient conditions are given which guarantee an elliptic parameter- 
dependent Bessel operator has a complete set of generalized eigenvectors. Complete¬ 
ness of eigenvectors for non-self adjoint boundary value problems has a long history, 
going back to classic works of Keldysh [38], Browder [12], Schechter [51], Agrnon [1], 
among many others. The results of this section apply to large classes Bessel operator 
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pencils with a spectral parameter in the boundary condition, and two-fold completeness 
is established (which is stronger than just completeness). 

One application of this section is to describe a class of boundary conditions for 
which linearized scalar perturbations of global anti-de Sitter space have complete sets of 
normal modes. Recent numerical and perturbative studies have hinted at a relationship 
between the linear spectra of such perturbations and possible nonlinear instability 
mechanisms [5, 7, 9, 8,13, 17, 16]. These normal modes have been studied by separation 
of variable techniques, but there has not appeared a general criterion guaranteeing 
completeness of normal modes (nor even the discreteness of normal frquencies) for 
general, possibly time-periodic, boundary conditions. The results of this section also 
apply to more general stationary aAdS spacetimes with compact time slices, where dt 
is Killing but the spacetime is not necessarily static. 

6.1. Two-fold completeness. The main reference for this section is [44, Chapter 
II] Let X be a manifold with boundary, and let P(A) G Bess^^X) be a parametet- 
dependent Bessel operator such that P(A) is parameter-elliptic at dX in the sense 
of Section 1.4, and P(A) is parameter-elliptic on X in the usual sense. If 0 < v < 
1, let T(A) be a scalar parameter-dependent boundary operator such that XP[X) = 
(P(A),T(A)} is parameter-elliptic at dX. 

Parameter-ellipticity of P(A) implies a decomposition 

P(A) = P 2 + A Pi + A 2 P 0 , 

where Po G C°°(X ) does not vanish. Dividing by P 0 , it may be assumed that P(A) 
is of the form P(A) = P 2 + APi + A 2 . The boundary operator T(A) is written as 
T( A) = Pi + AT 0 . 

If 0 < v < 1, a complex number Ao G C is said to be an eigenvalue of AP(A) if there 
exists uq G P 2 (X) such £P(\ 0 )uo = 0. Corresponding to an eigenvalue Ao, a sequence 
(uq, ..., Uk) with uq ^ 0 is said to be a chain of generalized eigenvectors if 

P(AoK + yj^xP^o^p-l + — d\P(\o)u p _2 — 0, 

T(\o)u p + —P(Ao)up_i = 0 

for p — 0,..., k. Thus (uo ,..., Uk) is a chain of generalized eigenvectors with eigenvalue 
Ao if and only if the function 

u(t) = e Xot 

j =o 

solves the (time-dependent) equation XP(d t )u(t) = 0. Such a solution u{t) is called 
elementary. To each elementary solution is associated the Cauchy data (u(0), d t u(0)). 
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The set of generalized eigenvectors (for all possible eigenvalues) is said to be two¬ 
fold complete in a Hilbert space H continuously embedded in FL { \X) x T-L°{X) if the 
span of all Cauchy data (w(0), d t w(0)) corresponding to elementary solutions (for all 
eigenvalues) is dense in H. The same definition holds if v > 1, this time replacing 
£»(A) with P(A). 

A general criterion concerning two-fold completeness is given by [62, Theorem 3.4]; 
that theorem is a refinement of the standard reference [20, Corollary XI.9.31]. 

Proposition 6.1. Let -P(A), T(A) be defined as above. Fix rays Ti,..., T s through the 
origin of the complex plane such the angle between any two adjacent rays is less than 
or equal to ir/n, where dim X = n. 

(1) Let 0 < v < 1. If LP(\) is elliptic with respect toY i,..., T s , then the eigenvalues 
of&>(\) are discrete and the set of generalized eigenvectors is two-fold complete 
in the space {(ui,v 2 ) G Ft 2 (X) x FLfiX) : T 0 v 2 + TiV\ = 0}. 

(2) Let v > 1. If P( A) is elliptic with respect to T 1; ..., T s , then the eigenvalues of 
P( A) are discrete and the set of generalized eigenvectors is two-fold complete 
in the space FL 2 (X) x 'H 1 (X). 

Proof. (1) To apply [62, Theorem 3.4], it must be verified that the singular values of 
the embeddings J k : Ft k (X) 'H k ~ 1 {X) satisfy Sj(J k ) < Cj~ x ! n for k = 1,2, and that 
the space {(ui,u 2 ) G FL 2 (X) x l-t l {X) : T 0 v 2 + T\V\ = 0} is dense in lj}(X) x FL ( \X). 

The claim about the singular values follows from Lemma B.4. To verify the density 
claim, first fix a sequence X n G C such that |A n | tends to infinity along one of the rays 
of ellipticity, say T 1 . 

Given (ui,u 2 ) G ji l {X) x FL°(X), take a sequence {v'f^v'f) G FL 2 (X) x FlffiX) such 
that (vi,v 2 ) —> (u\,u 2 ) in Fl l {X) x "H°(X) as n —* 00 . According to Theorem 5, the 
operator 

&{\nY 1 : n\x) x h 2 ~^(x) -a n 2 (x) 

exists for n sufficiently large, where /1 = ord^(T(A)). Note that T^vf + Tivf G 
H 2 -i l (dX). Let 

wf = &>(\ n )-\0,-T o vlf -T lV ?) : 
so wf lies in FL 2 (X), and set wtf = \wf. Then 

K + KX + ^ 2 ) e {(vi,v 2 ) G n 2 (X) x UfiX) : T 0 v 2 + T lVl =0}. 
Furthermore, according to Theorems 2, 5 the solution wf satisfies 

l^| 2 ^Hoi’ll H S (X) < C\\T 0 V2 +TiVi\\ H 2--'(dX) 

for s = 0,1. The right hand side is uniformly bounded in P 2 ~ M (X) as n —)■ 00 , so 
(tu", 11 * 2 ) —> 0 in FP^X) x FL°(X). This shows that (yf + wf,vf + w-f) —> (ui,u 2 ), 
establishing the density. 
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(2) For v > 1 the singular value estimates remain the same, and the density result 
is trivial. □ 
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Appendix A. Proof of lemma 3.5 

The proof of Lemma 3.5 is broken up into several stages. Recall in this section that 
7 - 1 - are defined as in the beginning of Section 3.4 without any mention of the space 
T V {T\). 

Lemma A.l. Let v > 0. 

(1) If u G TL 1 ( T") and y_w = 0, then for a.e. y G T n_1 ; 

u(x, y) = x 1 / 2 ^ f t v ~ x ! 2 d v u(t,y) dt. 

Jo 

(2) Suppose in addition that 0 < v < 1. If u G "H 2 (T”), and yw = 0, then for a.e. 
y G TF 1-1 , 

u(x, y) = x x ! 2 ~ v I t~ 2u+1 f s 1 / 2 ^dld v u(s,y) ds dt. 

Jo Jo 

Proof. These two facts follow from the Sobolev embedding for weighted spaces, as 
in Section 3.1. In the first case, for a.e. y G T n_1 the function x t—)■ x u ~ 1 ^ 2 u(x,y) 
is absolutely continuous on R + , and = 0 implies that x v ^ 1 ^ 2 u[x 1 y) -> 0 as 
x —)■ 0 for a.e. y G T" -1 . The the result follows from the fundamental theorem 
of calculus. A similar argument applies in the second case, in which the functions 
x t-A x v ~ 1 ^ 2 u{x 1 y), x t-A x l l 2 ~ v d v u(x, y) are absolutely continuous on M + for a.e. 
y G T n_1 , and vanish at x — 0. 

□ 

Lemma A.2. Let 0 < v < 1. Then 77 1 (T”) = kery_ 7 and "H 2 (T") = kery. 

Proof. The first equality comes from [27, Proposition 1.2], It remains to show the 
second equality. 

(1) First show that if u G TL 2 {T r f ) and y u = 0, then u G "H 2 (T”). Begin by assuming 
that u has compact support in T" ; this is possible, since if x £ C“(R + ) satisfies X = 1 
near x = 0, then it is easy to see that u is approximated in 'R 2 (T") by the functions 
x(x/n)u as n —> oo. 
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Next, fix x G C“(M+) satisfying (i) 0 < y < 1, (ii) x{ x ) = 0 for 0 < x < 1, 
(iii) x( x ) = 1 for x > 2 . Then let Xn( x ) = x( nx ) and consider the sequence u n = XnU. 
Then u n has compact support in T", which implies that u n G H 2 ( T" ) since the TL 2 ( T” ) 
and H 2 ( T”) norms are comparable on compact subsets of T”. But the compact support 
also implies that u n G H 2 ( T") by the well known characterization of H 2 ( T"). This 
implies u n can be approximated by compactly supported functions in the H 2 ( T”) 
norm, all of whose supports are contained in a fixed compact subset of T™. Again by 
the comparability of norms, this implies u n G 'H 2 ( T”). 

It now suffices to prove that u n —$■ u in "H 2 (T"), since "H 2 (T") is closed. This is 
easily deduced from Lemma A.l, imitating the proof of [23, Chapter 5.5, Theorem 2] 
for instance. 

(2) The inclusion ?il 2 (T”) C kery is clear, since 7 = 0 for each u G C“(T”), and 
hence 7 = 0 for each u G "H 2 (T”) by density and continuity. □ 


Lemma A.3. There exists a map 

1C : C^fT- 1 ) x C^TT- 1 ) ->■ ^(T +) 

such that 7 o JC = 1 on C' 00 (T n_1 ) x (^“(T"” 1 ) and 1C extends by continuity 

1C : H s ~-(T n ~ l ) —>■ n s (Tl) 

for each s = 0, ±1, ±2. In particular, if s = 2 then 1C is a right inverse for 7 


Proof. Let Lp G C“(M+) be such that ip = 1 near x — 0, and set 

v-(x) = x 1/2_1 V(x 2 ), v + (x) = (2 o)~ 1 x 1 ^ 2+l/ (p(x 2 ), 

so v± G T”). Given (/_, f + ) G C , °°( , f n ” 1 ) xC°°(P _1 ), dehne u±(x, y) by its Fourier 
coefficients, 

u±( x ,q) = (g) _(1/2±iy) f±(q)v±({q)x). 

Then u± G and + u + ) = f± in the sense of Lemma 3.4. Appealing to 

Section 3.6 shows that the map defined by 

£(/-,/+) := u - + u + 

extends by continuity to a map 1C : iL s_ -(T n_1 ) —> Ti s { T”). If s = 2, then 7 is bounded 
on "H 2 (T”), and 70 /C is the identity on H s ~-( T n_1 ) by Lemma 3.4 and continuity. □ 

Lemma A.4. Suppose that 0 < v < 1. Then is dense in TL 2 ( T”) for each 

s = 0 , 1 , 2 . 


Proof. This is clear when s = 0. The proof is given here in the case s = 2; the case 
s = 1 is simpler, and can be handled similarly. Suppose that u G "H 2 (T”), and let 
u = /C( 7 w). Then 7 ( 7 / — u) = 0, so u — u G Ff 2 (T") by Lemma A.2. It follows that 
there exists a sequence Uj G C“(T”) such that Uj —>■ u — u in P 2 ( T"). 
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On the other hand, approximate 7 u by a sequence Vj G C'°°(T' , ' _1 ) x C oc, (T n " 1 ), and 
hence Uj = JCvj satisfy Uj G Jv(T") and Uj —$■ u in "H 2 (T"). Therefore, Uj + Uj G 
T v { T") and Uj + Uj —> u, which shows that Jv(T”) is dense in 'H 2,k ( T"). □ 

Lemma A.5. Suppose that v > 1. Then 0^°(T") is dense in T/) /or each s = 
0,1,2. 

Proof. This result clearly holds for s = 0, and by the results of Section 3.2, it also 
holds for s — 1. For s = 2, Lemma 4.4 implies that A u + 1 is an isomorphism from 
D(L) onto T 2 (T/). The first step is write down an explicit formula for the inverse 
(Aj, + 1) _1 acting on L 2 (T”). 

Introduce the Zemanian space 2/(M + ) [63, Chapter 5] by 

Z V {R + ) = {v(x) = x l t 2+v v + (x 2 ) : v + (x) G <S(M)}, 

where <S(K) is the space of Schwartz functions on R. Note that Z V (M. + ) is contained 
in "H S (R + ) for each s = 0,1, 2. Given v G Z V (M. + ), dehne the Hankel transform 

(JKv) (0 = [ ( fx) 1/2 J u (fx)v(x)dx . 

J R_l_ 

Referring to [63, Chapter 5], it is well known that (i) is an automorphism of 
Z U (R + ), (ii) J^ 2 = /, ( iii) J4? u is isometric with respect to the T 2 (R + ) norm. 

If f — v ®w where v G Z U (R + ) and w G C' 00 (T n ~ 1 ), then 

/ = (2tt)-("- 1 )/ 2 f e i ^ y \fx) l / 2 J v {fx){^ u vmw{q)d^ 

qeZ 71 - 1 ^ R + 

and 

\\f\\l Hn) = (2n)-^/ 2 V [ \(JKv)(Ow(q)\ 2 dC 

q £Z n-l dR+ 

Given f = v ® w as above, let 

u = (27r)-(- 1 )/ 2 ^ f (l + \q\ 2 +\^\ 2 )~ 1 e i< ' q,y ' > (^x) 1/2 J u (^x)(J^ u v)($,)w(q) d£. (A.l) 

gGZ"- 1 ^ R + 

Then u has an expansion 

u(x, y ) = x 1/2+v u+ (x 2 , y), (A.2) 

where u + (x,y) G «S(R x T"” 1 ) is rapidly decaying in the x variable [63, Chaper 5]. 
Denote this space by Z u ( T”), which is contained in "H 2 (T/) rvHo(T/). Note that there 
is a continuous inclusion 


n 2 (TD nnliTf) ^ d{l). 
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Since (Ay + l)w = /, it follows that u is the unique solution in D(L ) to the equation 
(Ay + 1 )u = /. Furthermore, 


IMI« 2 (T”) < C , ||/|| L 2( T n) J 

where C > 0 does not depend on u or /. Lemma 4.4 and the open mapping theorem 
imply that D(L) = 'H 2 ( T") D'H 1 (T”) with an equivalence of norms; since functions 
v Cg) w as above are dense in L 2 ( T”), the space Z v { T”) is dense in Ff 2 (T”) fl 'H 1 ( T”). 
Finally, if u > 1 then "H 2 (T”) = H 2 ( T") D "H 1 (T”) by the density result for s — 1. 

Given u G Z v { T™), there exists a sequence v n G such that —)■ u weakly 

in "H 2 (T”). To see this, fix y G C£°(R + ) satisfying (i) 0 < x < 1, (ii) x( x ) — 0 f° r 
0 < x < 1, (iii) x( x ) = 1 for x > 2 , and then let Xn( x ) — x{ nx )- The claim is 
that Xn u y u weakly in "H 2 (T") after passing to a subsequence if necessary. Take for 
example 

\Du\ 2 ( X n( x ) - 1 )u(x,y) = (Xn{x) - l)\D u \ 2 u(x) 

+ 2 nx' n ( x ) ((1/2 + u)x^ 1/2+p u + (x 2 ,y) + 2 x 3/2+u d x u + (x 2 ,y)) 
+ n 2 Xn( x ) u i x ,y)- 

The hrst term tends to zero in L 2 (T”) norm. The L 2 (T”) norm squared of the third 
term is bounded by a constant times 

p /»2/n /*2/n 

n 4 / x 1+2v \u + {x 2 ,y)\ 2 dx dy < Cn 4 / x l+2v = 0(n 2v ~ 2 ). 

JT n ~ i Jl/n Jl/n 

So n 2 x'n{x)u(x,y ) is bounded in L 2 (T”) for u > 1 (and converges to zero if v > 1). 
The second term is similarly bounded in L 2 (T"). It is also clear the second and third 
terms converge to zero in £^'(M + ). Extracting a weakly convergent subsequence, this 
implies that \D U (y n — 1 )u(x, y) tends to zero weakly along a subsequence. Repeating 
this argument for the other terms whose L 2 (T") norms define the "H 2 (T") norm (as in 
(3.3)), it follows that Xn u u weakly in 'H 2 ( T"). Furthermore, by truncating at 
successively larger values of x > 0, one may find a sequence of G^°(T”) functions v n 
such that v n —y u weakly in "H 2 (T"). 

Now suppose that u G "H 2 (T”) satisfies 

(U, u) W 2( T ri) = 0 

for all v G C^°(T”). Choose a sequence u m G Z v { T") such that u m —> u in "H 2 (T"). 
But if Vm^n is an associated sequence of (^(T”) functions converging weakly to u m 
(as constructed above), then 


\U, W m / W 2( T n ) 

Passing to the limit m —> oo gives u 


lim (w, v m n)'u 2 tfn \ 0. 

n->oo n ^ 

0, so C^°(T”) is dense. 
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□ 


Appendix B. Compactness and embeddings of Schatten class 


Let T” = T n_1 x (0,1)- The spaces H s ( T”), TL S ( T^) are defined as before. The 
goal of this section is to study Schatten class properties of the embeddings of these 
spaces into L 2 (Tj 1 ) for s = 1,2. First, compactness properties are examined — this is 
done differently in [32, Section 6], but the approach taken here immediately yields the 
Schatten property. 

The first observation is that the embedding Tt l { TJ‘) ‘-A L 2 (TJ 1 ) is compact for v > 
0, since 'H 1 { TJ l ) = H 1 ( TJ 1 ) according to Lemma 3.3. To prove compactness of the 
embedding 'H 1 (TJ 1 ) L 2 {Tf) requires slightly more work. 

Recall the following facts: first, 

\fxK v {x) ~ (7r/2) 1/2 e _3: , \fxl v (x) ~ {l/2ir) 1/2 e x , 


1 +x h 


valid for real x —>■ oo. Furthermore, 

\y/xK v (x)\ < C t 1 + xl/2 
for all x > 0. Combined with the equation satisfied by xK u (x ), this gives 


x i/2 -u e - x 


j \/xK u (tx)\ dx < Ct 2 , 


\D v \ 2 y/xK v (Tx))\ 2 dx < Ct 2 (B.l) 


for r > 0. Combining (B.l) with Lemma 4.2, and integration by parts shows that 


\(d v ^/xK u (Tx))\ 2 dx < C. 


(B.2) 


By Laplace’s method, integrals of y/xl u (rx) may be evaluated as well. In particular, 


WxI„{tx )\ 2 ~ —t 2 e 2T , 


\(d v y/xI v (Tx))\- ~ — e 


2 „2 t 


\D u \ 2 y/xI u (Tx))\ 2 ~ — r 2 e 2r . 

47r 


(B.3) 


(B.4) 


as t —> oo. The following construction of a Poisson operator is a refinement of Lemma 
A.3. 


Lemma B.l. Let 0 < v < 1. There exists a map /Co : C'°°(T rl *) —y ^(TJ 1 ) such that 
(7 _o/C o )0 = 0, (/C 0 </>)(1, •) = 0, (A u + l)/C 0 </> = 0 

for each <f> G C'°°(T n_1 ). The map /Co extends by continuity 

/C 0 : H a ~ 1+V ( T 1 " 1 ) -A H S {T\) 
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for each s = 0, ±1, ±2. Similarly, for each u > 0 there exists a map K\ : C'°°(T n *) —* 
J- v ( T™) such that 

(7- o /Ci)0 = 0, (/Ci0)(l, •) = 0, (Ay + 1)/Ci0 = 0, 

and /Ci extends by continuity 

/Ci : /J s - 1 / 2 (T' 1_1 ) ->■ ^(TJ 1 ) 

for s = 0, ±1, ±2. 


Proof. Only /Ci is constructed in detail; the construction of /Co is similar but somewhat 
simpler. For each q G Z n_1 , consider the function 

, / _ rn _ _a (MV V^ K A(<l) ^Ldg)) - y^((g) s) Ay ((g)) 

( ,g) V2J ^/y((g))-iCy((g)) 

Note that w(g) G J-'y(Tj ) by asymptotics of Bessel functions. Furthermore, 

(|L>y| 2 + (g) 2 )u(x,g) = 0, 

and v{l,q) = 0,7_u(g) = 1. 

Given / G C ,00 (']T n_1 ), let 

u(x,q) = f(q)v(x,q). 

According to (B.l), (B.2), (B.3), (B.4), the map sending / to the function u with 
Fourier coefficients u(q) is bounded H s ^ 1+v (T n ~ 1 ) —> ?C(T”) for s = 0, ±1, ±2. 

□ 


Recall that - H 1 (TJ l ) is a Hilbert space, equipped with the scalar product 

n —1 

(u, n) = ( D u u , D v v)jn + ^ ^ ( D yi u , + (u, u) T n . 

Suppose that 0 < u < 1. Lemma B.l implies that (/C o 0o + /Ci0i, = 0 for 

all 00,01 ^ C°°(T n-1 ) and v G Cf°( TJ 1 ). By continuity this holds true for 0 O G 
H v (ff n ~ i), 0 1 7 iL 1 / 2 (T n_1 ) and n G MClTJ 1 ). Consider the orthogonal decomposition 

=H 1 (TJ 1 )® a, 

where X is the orthogonal complement of "H 1 (Tj 1 ) in "H 1 (TJ ! ). Let 71 denote the re¬ 
striction to {x = 1}. Lemma B.l shows that the map 

r : u 1—^ (7 -U, 71 u) 

is an isomorphism from X onto H u {T n ~ 1 ) x H l / 2 (T n ~ l ). The inverse of T is given by 
/Co + /Ci : (0o, 0i) H>■ /Co0o + /Ci0i. 

A similar discussion applies if v > 1. In that case, 71 : X —> H 1 ^ 2 (T n ~ 1 ) is an 
isomorphism, with inverse /C1. 
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Lemma B.2. If v > 0, then the embeddings 

U 2 ( 1|')-a U\Y™) -a L 2 (Y™) 

are compact. 

Proof. (1) First suppose that 0 < v < 1. Write the orthogonal decomposition PL 1 ( TTJ 1 ) = 
PL 1 ( T") © X. The inclusion of X into L 2 (TJ l ) can be factored as 

X A H u {T n ~ 1 ) x -A H~ 1+v ( T 71 - 1 ) x L 2 ^), (B.5) 

noting that /C 0 + /Ci : if _1+I/ (T n_1 ) x if _1 / 2 (T n_1 ) —>■ L 2 (T( l ) is an extension by 
continuity of the same map acting H u {Y n ~ 1 ) x if 1 / 2 (T n-1 ) —» fh. This is compact since 
the inclusion of FP(T n-1 ) x i/ 1 / 2 (T n_1 ) into i/~ 1+I/ (T ri ” 1 ) x i7 -1 / 2 (T n-1 ) is compact. 

The space PL 2 ( TJ 1 ) may be identified with a closed subspace H of 'H 1 (TJ l ) n+1 x'H^TJ 1 ) 
via the mapping 

u i ^ (u, d yi u,..., dy^u, d u u). 

With this in mind, the embedding PL 2 ( TJ 1 ) y PO'ifYf) is identihed with the embedding 

n 1 (T£) n+1 x nl( TJ 1 ) -A L 2 (TJ 1 )" 4 " 2 , (B.6) 

restricted to H. But the inclusion PtlfTf) L 2 {Y J 1 ) is compact by the first part as 

well (since 0 < 1 — v < 1), so (B.6) is compact. 

(2) Now suppose that v > 1. The same argument as in the first part shows that 
PL 1 (T") L 2 (TJ l ) is compact. Next, by the same reductions as above, it suffices to 
consider the inclusion PL 2 (Yf) nPL l (T^) Pi' (TJ 1 ). As in Section 4.5, let L denote 
the self-adjoint operator with distributional action A v and form domain 'H 1 (TJ l ). Now 
the embedding of D((L + l) 1 / 2 ) = Pt 1 ^ T n_1 ) into L 2 (Tf) is compact, hence so is each 
embedding D((L + 1)^) D((L + 1)”) for N > n. But as in Lemma A.5, the domain 
D(L) = D(L + 1) (with the graph norm) is equivalent to PL 2 ( TJ*) fl P ] (T r I) (with its 
usual norm). □ 

Let L denote the self-adjoint operator with distributional action given by A„ and 
form domain Pi l {fVf) (see Section 4.5). Lemma B.2 and Lax-Milgram guarantee that 
this operator has discrete spectrum. The eigenvalues and eigenvectors are well known. 
The eigenvalues are \q\ 2 + jf 2 n + 1, where q G Z n_1 and j Vjn is the n’th positive root of 
the Bessel function J v . The corresponding eigenfunction is 

VxJv(jv, n x) ® e l{q ’ y) . 

The zeros j v . n satisfy the asymptotic formula 

ju,n = (n + \v - i) 7T + 0( 77, -1 ) 
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as n — > oo. The eigenvalues of the compact operator (L + l) -1 / 2 are therefore (1 + 
|qj 2 + an d ^ they are listed in descending order Ai > ... > Xj > ... > 0 (with 

multiplicity) then 

Ai < Cj- 1 '". 

for some C > 0. 

Lemma B.3. If u > 0, then the singular values of the embedding 
Ji : H\ TJ 1 ) -A L\ TJ 1 ), J 2 : H 2 (T%) -A 
satisfy Sj(Ji) < Cj l ! n . 

Proof. (1) First suppose that 0 < u < 1. Let II denote the orthogonal projection onto 
% 1 { TJ 1 ), so J\ = Jill + Ji(l — II). Since TJ 1 ) is the form domain of L, the operator 
{L + l) -1 / 2 is an isomorphism acting L 2 (TJ 1 ) —> / H l (fVf). Write 

Jin = J\(L + 1)- 1/2 (L + i) 1/2 n. 

The composition Ji(L + l)" 1 / 2 is self-adjoint and positive dehnite on L 2 (TJ l ), so its sin¬ 
gular values are the Xj which satisy Xj < Cj~ l ^ n . Furthermore, (L + l) 1//2 n is bounded 
H 1 ( TJ 1 ) —* L 2 ( TJ f ), so the inequality Sj(AB) < Sj(^4)||B|| shows that Sj(JiII) < 

On the other hand, the term J^l — n) factors through the map in (B.5). It is well 
known that the inclusion 

H v { T 71 - 1 ) x H 1 / 2 ( T n_1 ) -A H u ~ 1 (T n ~ 1 ) x iJ _1/2 (T n_1 ) 

has singular values bounded by Cj~ 1 ^ n ~ 1 \ The inequality Si + j-i(A + B) < Sj(kl) + 
Sj(B) applied to the sum J\ = Jin + J\ (1 — n) shows that Sj(J\) < Cj~ l ^ n . The same 
method of proof applies when v > 1 

(2) Now consider J 2 . In the case 0 < v < 1, the space 'H 2 (Tj l ) is identified with the 
closed subspace H C B l {Tf ) n+1 x l-L\(Tf) as in the proof of Lemma B.2. Since the 
singular values of the embedding 'H 1 (Tj 1 ) n+1 x %\{ TJ 1 ) < -A L 2 (Tf) n+2 are bounded by 
Oj -1 /", the same is true of the embedding "H 2 (TJ 1 ) 7/ 1 (T('). For v > 1 it would 

also suffice to bound the singular values of J' 2 : 'H 2 (TJ 1 ) D 'H 1 (T") 'H 1 (TJ 1 ). But 

J 2 = J' 2 (L + 1 ) -1//2 (L + 1) 1//2 , and the singular values of J 2 (L + l) -1 / 2 are again the 
Xj < Cj~ 1 / n . □ 


Lemma B.3 easily extends to the case of a compact manifold with boimdary. 

Lemma B.4. Let X be a compact manifold with boundary. If v > 0, then the embed¬ 
dings 

Ji : W}{X) U°(X), J 2 -.U 2 {X)^U l {X) 

are compact, and the singular values of Ji satisfy Sj(Ji) < Cj~ l ' n . 
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